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SYL'I QPSIS 


Ihe theai:: entitled '■ Orthos onality and Gharaoterizatione 
of inner^roduot Spaces" is devoted to a study of various 
orthogonalities _ Roberts, Isosceles, Pythagorean, Birkhoff _ 
James, Generalized inner-product and ll-orthogonality leading to 

(i) some new criteria of strict convexity and smoothness 

of normed linear spaces, 

(li) some new character izat ions, and new proofs for old 
characterizations of inner-product spaces. 

Continuous orthogonality ^ctor spaces _ a modified form of 
orthogonality vector spaces of Gudder and Strawther^^) are 
introduced. Finally results on orthogonally additive functionals 
on lines similar to those m Sundaresan and Kapoor^®^ have 
been obtained. 

The thesis consists of five chapters. 

Chapter I _ the introductory chapter, mcludes various 
definitions and important results which have been used in later 

chapters. M attempt has been made to make the thesis as self- 
contained as possible. 

Chapter II of the thesis deals mostly with characterizations 
of inner-product spaces amongst normed linear spaces using norm 
id^ti^es and the orthogonality notions. Seme of the results of 

(1) Pac. J. Math, 58 (1975), 427-436^ ^ ' 

(2) Canad. J. Math. 25 (1973), 1121-1132. 
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this chapter are s 

jPor a norned linear space X, 

(i) isosceles orthogonality is unique if and only if X is 
strictly convex, 

(ii) Pythagorean orthogonality is unique. 

Theorem. In a nocmea linear space, each of the following 
conditions is necessary as well as sufficient for the space to 
be an inner— product space. 

(i) Birkhoff-James orthogonality implies isosceles orthogonality 

i*e • 

I I- + xy| t > j jxj 1 for all X e R ==> j jx+y] { = | [^^yj |. 

(ii) Isosceles orthogonality implies Birkhoff-James orthogonality 

1-e, 

I P+yl I = I |x-y| I ==> I Ir + iy| I > | |x| | for all x e E. 

(ill) Pythagorean orthogonality Inglles isosceles orthogonality 

i.e . 

Ihty||®= lhll®+ l|y||^==> llr+yli = ||i^y||. 

(iv) Isosceles orthogonality implies Pythagorean orthogonality 

l|x+y|| = ||io.y]| => |lx+y||2= ||ic||2+ ||y||2. 

(v) Birkhoff-James orthogonality implies Pythagorean 
orthogonality i.e, 

I 1^ + ^y| I >1 |x| I for all X e H => I |x+y| |2=| |x||h| |y| \^. 
(vl) Pythagorean orthogonality implies Birkhoff-James 
orthogonality i.e. 

I 1 x+yj j = j I x| ( ^ + j j y| I ^ ==> I j x+xy 1 I > 1 1 xj } for all 


X e R. 
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Z be a normed linear space and 0 < a, b < 

Xhe follo\/ing are equivalent : 

(i) S is an inner-product space. 

(ii) x,y e X and I jx+y| |^ + [ |ax+by| 1^ = | jax+y] + 1 lx+by| 

==> 1 Ix+xy] j > I jx] I for all x e R. 

(lii) x,y e X and 1 |x+xy| | > [ |xj J for all x e R ==> [ ] x+y] 

+ I 1 bx+ay I 1^=11 bx+y| i ^ + j | x+ay] | 2. 

£^J5 £15.* "be a normed linear space X and 0 < a, b < 1 

Consider "cho follovring statements : 

( i) X IS an inner-product space, 

Cii) X,ye X and ||x+y||2+ ||ax+by||2= ||ax+y||8+ | | x+by| j ^ 

==> I Ix+yl I = I Ix-yt I . 

(ill) x,y e X and 1 jx+y] j = | jx-yj | ==> [ |x+y| |^ + | |ax+byj 
= 1 |ax+y| i ^ + 1 |x+byl |^. 

fben (i) ==> (ii) ==> (ill), and (iii) ==> (i) when a = b. 

The^em. A normed litiear space X is an inner-product 
space if and only if either for all x, y,z G X 

I |y+ 2 - 2 x| 1® + 1 lz*x-2y| I® + I |x+y-S 2 | |^ = 3 [^ | |y_x| + | |x>-z| p 

+ ll^y||®3 

or for all x,y, z and w e X 

1 ly-^1 1 + 1 i z-y| 1^+1 |w-z| 1^+1 jx-w| 1^=11 z-x| 1 ^ 4- I jw-y( ] ^ 

theorem. A normed linear space is an inner-product space 
if and only if the following holds s 
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(l') for some y 4 0 , 1 , | |x+yl = | |x| 1 ® + [ [y] ==> | |x+Ty| |® 


Theorem . Let X he a normed linear space and 0 51 ^ 

i = he numbers such that p - q. > Z p q. for some 1 . 

Then X is an inner-product space if and only if the follo\ 7 ing 
holds 


n 

=^+^y| 1 > li^ll ^or every A eR ==> 1 p.-ljx+q-yj 

"1 ^ X 


n 


= S p- I |x-l-yl 1 . 


Chapter III deals v/ith the generalized inner-product 
<x,y> which IS the right Gateaux derivative of the functional 
1 2 

^ j|x| 1 , at X m the direction of y. The orthogonality for the 
generalized inner-product is x y <==> <x,y> = 0. In this 
connection some of the results m the thesis are given below. 

Theorem . A normed linear space X is smooth if and 
only if Birkhoff-James orthogonality implies G— orthogonality 
and X IS strictly convex if and only if the G- orthogonality is 
left unique. 

Alternative and some what simpler proofs have been given for 
the following results. 

Theorem ^^^ . If in a normed linear space X the G- 
orthogonality is symmetric, then the Birkhof f-James orthogonality 

(3) R.O. James, Trans. Amer. Math. Soc. 61 (1947), 265-292, 
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is also synmetric and Sis "botli strictly con-vex and smooth. 

Iheorem ^^^ . For a normed linear space X, the follov/ing 
are equivalent : 

(i) X IS an inner-product space. 

(ii) 1 |xl 1 = 1 1 y| 1 ==> lin ( i Inx+y] | - | jx+nyj j ) = 0. 

n -» oo 

(ill) <x;, y> = <y,x> for all x,y G X. 

(iv) <X 5 y> IS linear in x for each y G X. 

Iheorem ^ . A nomied linear space X, v/ith dimension 
X > 3, IS an mner-pr oduct space if <XiJ> = 0 ==> <y»x> = 0* 

Ihe mam result of Chapter IV is : 

Theorem. Let Xbe a continuous orthogonally vector space 
and f be a nontrivial real valued function on X such that 

(i) f(xx) = lx| f(x) for X G R. 

(ii) f IS orthogonally mcreasmg. 

Then f is a norm on X. 

Further if 

(lii) f is also Gateaux differentiable, then the orthogonality 
IS Birkhoff-James orthogonality. 

The last Chapter V deals v/ith the N- orthogonality 
defined on a Hausdorff locally convex linear topological space X 
as follows i let I* be the dual of X and let N : X -* X* be a 
nonlinear mappmg. x G X is said to be N— orthogonal to 

(4) R.A. Tapia, Proc, Amer. Math. Soc, 41 (1973), 569-574. 

(5) D. laugwitz, Proc, Amer. Math, Soc, 50 (1975), ISO— 188. 



y G 2 (x y, in short) whenever the value of ITx at y denoted 
by (Nx, y) is zero. 

The theorem given below gives sufficient conditions on the 
mapping V so that each tv7o-dimensional subspace of 2 contains 
a pair of nonzero IT-orthogonal elements. 

Theorem. Let IT : 2 -* X* be a hemi-continuous mapping 
such tnat (lix,x) > 0 for x 7 ^ 0. Let the F- orthogonality be 
positive left homogeneous. Then for any two linearly independent 
elements x, y G 2, there exist numbers b and c such that 
X bx+y and cx+y x. 

Among other results in this chapter we have the following 
representation theorems : 

Tneorem. Let IT : X — 2* be a hem i>- continuous mapping 
with the property (ITx, x) > 0 for x 7 ^ 0 , and let the N-orthogonality 
be homogeneous and nonsymmetr ic. If f is a continuous 2— 
orthogonally additive functional on 2 , then f is linear. 

The orem . Let 2:2-* 2* be a hemn-continuous monotone 
mapping. Let 2-orthogonality be S 3 mimetric. Then an odd 
continuous functional is 2 -orthogonally additive if and only if 
it IS linear. 

And finally 

Theorem . If 2 is a locally convex space and 2* is the 
dual of X and 2 s 2 — X* is a mapping satisfying the following 
properties : 
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(i) (lTx,x) > 0 and (nx,x) = o <==> x = 0, 

( ii) IT IS hemi^continuous, 

(iix) IT-orthogonality satisfies the Pythagorous property 

i.e . 

(N(x+y), x+y) = (ITx,x) + (ITy,y), 

(iv) l'T(tx) = t lT(x) for X e X and t e R. 

Then X is an inner-product space m the sense that the 
N-orthogonality is an inner-product orthogonality, and N is 
a linear transformation. 



GHAPOISR I 


Introductioffi -and Preliminaries 


A normed linear space 2 is called an inner— product; 
space if there is an inner-product defined in it such that 

I jxj 1^ = (x,x), 

where (x,y) stands for the inner-product of x and y. There 
are many properties known for inner— product spaces which are 
not true for all normed spaces; many of these are sufficiently 
strong so as to he characteristics of inner-product spaces- 
The best known characterization of inner-product spaces among 
normed linear spaces is by Jordan and von Neumann ^ 24 which 
states i- 

(JN) Por every pair x,y of elements of X, 

llx+yll% ||x>.y|l2 = 2 l|yll®3. 


that is, in any parallelogram the sum of the squares of the 
lengths of tte diagonals is equal to the sum of the squares of 
the lengths of the sides. 


Day has included in his book other known important 

characterizing properties of inner-product spaces. Those 
which interest us are given below for later reference* 


(JN^^) A normed linear space X is an inner-product space 
if and only if every two-dimensional subspace is Buclidean* 


(P) If 1 jxj j = I jyj J , then for all real numbers a and 
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1 jax + pyj j = 1 jpx + ayj j (I'icken C ^3 )• 

This can be restated as s 

(I**) If j [x+yj I = j |x-yj I, then for all real X , 

1 lx + Xy[ I = 1 [x - Xy| j (James [1 19]] ). 

(I) There is a fixed number y ^ ± l such that x,y G X 

and I [x+yj ] = | jx-yj | imply 

1 lx + yyj 1 = 1 jx - Yyl I (iorch [;31]]). 

(B^) If 1 1x1 1 = 1 ly] 1 = 1, then 

1 |x+yl + 1 l 2 >.yl 1^ = 4 (Bay [;7]1). 

(S,''<) If I |xl 1 = l|yll = 1, then 

1 |x+y| 1 + j Ix-yj 1 4, where 'w is one of the 

relations = , > or < (Schoenberg 

(B,a.) If x,y G X and | jx} 1 = j jy] 1 = 1. then there exist X 
and V with 0 < X < 1 and 0 < v < 1, such that 

v(3^w) I Ixx + (l-.x)y| + ^(l-x)| 1 Tix - (l-w)y) 

[I X + V - 2Xv * (^^)(l-v)]]> 

where n, is one of the relations = , > or < (Kasahara^s t-heorem 
in^ro-ved by Bay []8]])* 

(B) Tte set of points of norm one in each plane through 0 
is an ellipse. 



3 


(M) If j |x+yj I = j |x-y| [> then for all real X , 

1 |x + Xy| 1 > j jxj I • 


Tbe proof of these characterizations except that of (E) 
is given in the hook. The proof of (E) is not easily available 
in literature. We will give a proof of (E) at ths end of this 
chapter. There are other known characterizations of inner- 
product spaces which will he of interest to us. Some of them 
are hest stated in terms of various notion of orthogonality in 
normed linear spaces. We will defer them and others for a 
little while and give helow basic definitions and notations 
for convenience of reference. 


Throughout the thesis, we will use the reals R as 
the scalars. The symbols | jx|{ and q.(x) will be used alter- 
natively for the norm of an element x. The right ( left ) 
Gateaux derivative of the norm functional q. in the direction 
of y is 


<l’(x,y) = lim 
* t - 0 


1 |x-fty{ } - I (x| 1 
t 




t -* 0” ^ 

The above two limits exist because q. is a convex functional. 
If 

^|(x,y) = <lUx,y), 
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we write the common value as Q.’(x,y) and call it the G-ateaux 
derivatj-ye of the norm at x in the direction of y. 

If f is a convex functional on a locally convex space 
X with continuous dual X*, then a suh^radient of f at x is 
a ♦ e X* such that 

f(y) > f(x) + ♦(y-x), for all y e X, 

and the set 

5f(x) ={<18 X*^ : ♦ is a subgradient of f at x) 

is called the subd if f er ent ial of f at x* One can easily see 
for a normed linear space X, the subdifferential of the norm 
is 

(1.1.1) dq(x) = {♦ e X* J Ihil = 1 and Kx) = ||xj|} 

and that dQ.(x) is a nonempty weaJc * compact convex subset of 
X*. It is known that 

'l+(x,y) = max {.f(y) s ^ e 5 q.(x) > 

( 1 . 1 . 2 ) and 

<ll(x,y) = min {^(y) : e dq.(x)> . 

Ibis is inane diate from the following (see page 27). 

Theorem 1.1.1 . (Moreau, Pshenichnii) let X be a real locally 
convex space and f be a convex functional. Assume f is 
continuous at x^. Then for all x G X, 

f^(x^j,x) = max{*(x) : ♦ e df(x^) > 
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and 

f_]^(Xo,x) = min{<|)(x) j 4 G df(x^)} , 

The followlxig theorem describes wellknown properties of the 
one Sided derivati-ves of the norm functional. 


Theorem 1.1 

j2, let 0 Xj y and z G X, a normed linear space 

and let X e 

R and v > 0. Then 

(a) 

'l|(x,y+z) < qL_J_(x,y) + q_J_(x,z) 

(^>) 

<l+(x, yy) = y<l^(x,y) 

(b«) 

q.|(Xx,y) = (l_J_(x,y), X > 0 


= -q.2(x,y), X < 0 

(c) 

<l|(x,y) = -q_|^(x,-y) 

(d) 

'llCxjy) < q.|(x,y) 

(e) 

^^(x,-) is a linear functional if and only if the 
norm is Gateaux differentiable at x* 

(f) 

li+(x»y)| < 1 lyl 1 

(g) 

q.|(x,Xx + wy) = X] |x| j + vq|(x,y). 


Proof, The properties (a) to (e) hold for right Gateaux 
derivative of any convex functional and are proved in various 
text books e,g, Kothe [[[27^, Property (f) can be easily seen 
from the eq^uations and above, Por (g)j we have 

from (1,1,1) and (1.1,2) 
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Xx + ny) = max {<^(Xx + yy) t ^ 6 aq.(x)> 

= max {X*(x) + <j)(yy): ] i<^| [ = 1, <|.(x) = { jxj | } 

= max {X\ |x| I + Kuy) s j j*j [ = 1, *(x) = | jxj j } 

= Xj [xj 1 + u max {(frCy) : * e dti(x)> 

= X| Ixj j + y ci_J_(x,y). 

A normed linear space X is called smooth if at each 
point X 5 ^ 0, the norm is G-ateaux differentiable, Eq.uivalently 
there is only one supporting hyperplane of the unit b«TT 
U = {x s I Jxj I < 1 } at each point of its boundary 
S = {x t 1 |x| 1 = 1 > , X is called strictly ccn-vex if each 
point of S is an extreme point of U. An extreme point of U 
is a point of U that is not an interior point of any line 
segment in U , It is easily seen that any line segment in S 
IS contained in a line segment in S with ends as extreme points 
of U, 

Ihe natural definition of orthogonality relation between 
elements of an inner-product space is that x J[ y if and only 
if the inner— product (x,y) is zero. In normed linear spaces 
other notions of orthogonality haye been given which are 
eq.uivalent to this in case the norm arises from an inner-product . 
We will describe some of them in some detail here, 

(i) Roberts* orthogcmality (^37, p. 56;]) t x i^y (x is 

orthogonal to y in the sense of Roberts) if 
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j jx + Xy| I = ] |x-Xy} I for all X e R . 

This definition has the weakness that for seme normed linear 
spaces at least one of every pair of orthogonal elements would 
have to he zero [^19, example 2,1^, 

(ii) Birkhoff-James Orthogonality : x is orthogonal to y in 
the sense of Birkhoff and James (x Ij y) if and only if 

I |x + Xy| I > I jx] j for all X e R . 

This definition was used hy Birkhoff Ql] and hy Portet 

later on James studied this orthogonality relating 

it to other concepts such as strict convexity, smoothness, weak 
coii 5 )actness, linear functionals and hyperplanes. Some writers 
have called this orthogonality ’James Orthogonality* . 

(iii) Isosceles Orthogonality s x 1^ y if and only if 

l|x+yll = ||x-yj |. 

(iv) Pythagorean Orthogonality s y if and only if 

The above two notions of orthogonality were also 
suggested by James important feature shared by 

the Birkhoff-James, isosceles and Pythagorean orthogonalities 
is that every two-dimensional subspace containing a point x, 
contains a point x' such that x is orthogonal to x* . In 
other words we have t 



theorem 1.1 >5. let X be a normed linear space and x 0 and 
y G X« There exist numbers ttg and such that 

^ ^ ^ -^p ^3 • 

This result does not hold in the case of Roberts’ 
Orthogonality. In fact we have : 

For any x 5^ 0 and y G X, there exists a number 
a such that x Xj^ocx+y if and only if X is an inner-product space 

:^mark 1.1.5. This theorem has been stated without proof by 
James as a corollary to theorem 4.7 in 19, p. 298 ^ . We 
will give a proof of this theorem towards the end of this 
chapter for completeness sake. In fact we will be using it 
in one of our theorems in tie next chapter. 

An orthogcsnality J_ is called r ight ( left ) unique if 
for each x ^ 0 and y G X, there exists only one a such that 

X 1 ax+y (ax+y lx). It is called unique if it is left as 
well as right unique. 

The following results about the orthogonalities will be 
needed later. 

Theorem 1.1.6. (James In 3- normed linear space 

Birkhoff-James Orthogonality is right (left) unique if and only 
if the space is snoot h (strictly convex). 

Theorem 1,1,7, (James £192 ) If X / 0 and y are elements of 
a normed linear space X and j jyj j < j [xj | , then x l^ax+y 
implies that 
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Theorem 1.1.8« Let x -4 0 and y G X. Then x Lj y if aJid only 
if 

^+(^57) > 0 

and l_]_(x,y) < 0. 

Proof, Suppose x J_-r y» We have 

ci 

j jx + Xyj I > 1 1 xj j for all X g R , 

Therefore 


>0 for X > 0 


and 


I |x 4- Xy| 1 ~ I |xl 


< 0 for X < 0. 


Thus 


I / X n X + xy - X 

q..(x,y) = Ina > 0 

+ X -* 0^ ^ 


and q.*(x,y) = lim ■ J .- ?, t . } i - n J 1 ? 1 i. < o, 

X - 0" ^ 

The other way also follows from the fact that 

I |x + Xy| I - I |x| I 
X 

is monotonicaHy increasing for aH positive and negative x*s. 

An orthogonality i, is called right ( left) homogeneous 
if 
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(d) X i^y ==> X X^y. 

Remark 1.1,12 . Day 'i' 2] Proved that (a) <==> (h), (a) <==> (c). 
(d) is nothing hut the criterion (M) on page 155 C 6 ]] . For 
proving the equivalence of (a) and (c), Day first proves 

that the space is uniformly convex with modulus of convexity 

6(g) = 1- (1- We will, however, give a different 

proof of this theorem in the second chapter of this thesis. 

(v) Garlsson Orthogonality s Garlsson [^4]] gave a definition 
of orthogonality which includes the isosceles and Pyttegorean 
orthogonalities as special cases, 

in element x of a normed linear space Z is said to he 
orthogonal to an element y e X in the sense of Garlsson (in 
symbol x IgY) 


m 

E 

r=l 


! I\ X + yl 1^ = 0 , 


where a^, h^ and c^, r = 1,2, 

satisfying the relations 

m p m p 

2 a„ h!l = 0 = 2 arid 

n=l ^ ^ r=l ^ ^ 


, ,,,m are fixed real numbers 


m 

2 

r=l 





Garlsson' s orthogonality is said to satisfy the 
condition (H) if 

I 2 

X inW ==> lim 1 S 1 jb nx + c y| j =0. 
n - “ n n=l 



The following characterizations of inner-product spaces 
are due to Carlsson 

Theorem 1.1.15 * Let X be a normed linear space V7ith a 
Carlsson’ s orthogonality J_q, Then X is an inner-product 
space if and only if J_q satisfies the condition (H). 

Theorem 1,1. 14 « Let 0, b^, c^, v= be real 

numbers such that (b^, c^) and (b^, c^) are linearly independent 
for V u . If X is a normed linear space satisfying condition 
m 2 

2 a^ I jb^ u 4- c^ -vl j =0 for all u and v G X, 
v=l 

then X is an inner— product space. 

Theorem 1.1.15 . Let a^ ^ 0, b.^, c^, v = l,2,,..,m be a fixed 
collection of real numbers satisfying 

m p m n m 

2 b^ = 2 a^ = 2 b^ c^ = 0 

v=l v=l v=l 

and such that 

are linearly independent for y v , 

If X is a normed linear space satisfying the condition 
m p 

2 a^ I |b^ X + c^ y| I >0 for all x,y G X, 
v=l 

then X is an inner-product space. 

In the second chapter of this thesis we will study the 
mter-relationship betwe^i various orthogonalities, obtain some 
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new cri"teria for normed spaces "to be inner— product spaces. 

Fe provide new proofs for kno^m ctiaracterizat ions also. 

let us, for instance, take the simple proposition in 
plane geometry : 

Suppose A ABC is a right-angled triangle, right-angled 
at A and points P and Q are any points on AB and AG respectively. 
Then 

BQ^ + PG^ = BO^ + PQ^. 

She analogue of this m an inner product space is : 

( 2 :,y) = 0 <==> t [ax+yj |^+j Ix+byj |^=j |ax+by| j^+| jx+yj 

for 0 < a, b < 1. 

A q.uestion that we look into in the second chapter is 
whether in the setting of a normed linear space, the presence 
of such a proposition using one of the notions of orthogonality 
menticaied earlier forces the space to be an inner— p roduct 
space or not. By way of another example we will prove the 
following criteria as analogues of the criteria (1) and (M) 

(see pages 2 and 3) . 

(1*) There is a fixed number Y ^ 0, ± 1, such that 
x,y B X and 

1 lx+y| = 11x11^+ 1 |y| imply j Ix+Yyj = | jx] + ) jYyj j^. 
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(M») If x,y e X, then 

1 + ^yl j > 11x11 for all ^ e R implies 

I lx + y! 1 =1 [x-yl 1 . 

liorch gives a number of characterizations based 

on single properties of Euclidean geometry and observes that 
almost any one of the strictly metrical classical theorems will 
characterize inner— product spaces. Using some more elementary 
propositions in Euclidean geometry as postulates we obtain new 
norm postulates as necessary and sufficient conditions for a 
normed linear space to be an inner-product space. We will also 
show that some of these norm identities and those given by 
Johnson [^22^ and RaJfce straw [^35"^ follow from the theorem 1.1,14 
of Oarlsson mentioned above. 

Several characterizations of inner— product spaces among 
normed linear spaces are known which use the notions of semi— 
inner product of lumer [232n[ and generalized inner— product 
of lapia [^45], fhere are other characterizations which 
i^^olve differentiability properties of the noim, 

A semi- inner-product on a vector space X is a real 
function [3x,y^ on X * X with following properties s 

(®i) CI^»^yD - ^C^»yZl 

for all t e R . 

(Sg) 0 when x O. 
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1 Cx>y3 < C Cy»yl]* 

A semi-iimer-product space is a normed linear space 
v/ith I jxj I = G* lurnmer showed that every nonaed 

linear space X has a semi-inner product defined hy 

C^>y!] = v/here f^ G X* is chosen such that 

Giles proved the following theorem relating the B irlc ho ff- James 
orthogonality with a semi- inner-pro duct orthogonality. 

1.1,16. let [3x,y[3 be a semi— inner-product on a 
vector space X, with the following properties s 

(a) C ■^^»y3 = ■‘^Cl2^»yll "fc e r. 

(b) Cx+ty,y3 -* Cx»yII as t -* 0. 

Ihen [lx,y3] = 0 if and only if x is Birkhoff— James orthogonal 
to y. 

let X be a noimied linear space, The generalized inner- 
product <x,y> of X with y is defined to be the right Gateaux 
derivative of the convex functional f(x) = ^ | jxj at x 
in the direction of y. Thus 

<x,y> = f^(x,y) = jlx|l q.|(x,y), 

Tapia shows that although this generalized inner-product 

does not have as much structure as a semi- inner-product, similar 
to a semi— inner-product it must be inner product whenever it is 
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linear in x or is symmetric . He deduces that <x,y> is an 
inner-product if and only if the mapping 

f(x) = I llxll^ 

IS twice Frechet differentiable at the origm. This is of 
interest m relation to inner-product characterizations by 
twice Pre chet differentiability of the norm given by Sonic 
and Pee is C 3 , Rao [^36]]], Sundaresan and Leonard 

and Sundaresan Q3o]]* 

In the third chapter we discuss the orthogonality in a 
normed linear space defined by 

^ ^ — Oj 

obtain a result on the right existence of G-orthogonal pairs 
m every two-dimensional subspace and show by a counter example 
that the left existence may not be there. We then observe that 
laugwitz's characterization of inner product spaces in 

terms of symmetry of G-orthogonality is,inaway, already proved 
by James in [^20]]. In the same chapter we provide an elementary 
proof of the characterization in terms of linearity or symmetry 
of generalized inner-product by Tapia mentioned above. 

In a paper Gudder and Strawther [^15^ call a real 
vector space Z, an orthogonality vector space if there is a 
relation x 1 y on Z that satisfies the following postulates s 

(Oi) X J. 0 and 0 1 x for all x e X. 



17 


(Og) If X and y are non- zero elements of X and x 1 y, then 
X and y are linearly independent. 

(O 3 ) If X 1 y, then ax 1 py for all a,p e B. . 

(0^) If P IS a two-dimensional suhspace of X, then for every 

X G P, there exists a non-zero y G P such that x J. y. 
(Og) If P is a two-dimensional suhspace of X, then there 
exist non- zero u and v G P such that u j_ v and 
u+v J_ u— V, 

It IS easily seen that a normed linear space with 
Birkhoff-James orthogonality is an example of an orthogonality 
vector space* 

A function f j X -* R is called orthogonally additive 
( 0 rt hog onally m ere as mg ) if 

f(x+y) = f(x) + f(y) whenever x J_ y 

(f(x+y) > f(x) whenever x I y). 

Theorem 1.1*17 . (Gudder and Strawther) Let (X, I) he an 
orthogonality vector space* Suppose there exists a nontrivial 
orthogonally additive functional 

f J X R 

such that (i) f(x) = f(-x) for every x G X 
and (ii) 2 c) -* f(ax) whenever 

Then the orthogonality is an inner-product orthogonality. 

Theorem 1.1,17 is an abstract version of the following 
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Theorem 1,1.18 . Let X he a normed linear space and f j Z -♦ R 
he an orthogonally additi-ve functional which is eiren and 
hernia continuous. Then 

(a) f = 0, if X IS not an inner-product space, 

(h) there exists a X G R such that 

f(x) = xj I xj I ^ for all X G X, 
if X is an inner-product space (Sundaresan, [[[43^), 

In the fourth chapter we introduce the concept of a 
continuous orthogonality vector space which turns out to he a 
special case of the concept of orthogonality vector spaces of 
Gudder and Strawther, We then obtain a kind of converse to 
their result characterizing orthogonally increasing 
functionals on a normed linear space, 

Sundaresan and Kapoor [^44:3 defined orthogonality in a 
topological vector space X as follows : 

Let T he a continuous linear transformation frcm X 
into X*. An element x G X is said to he T-orthogonal to an 
element y 6 X denoted by x y if the value of Tx at y 
denoted by (Tx,y) is zero. Representation of T-orthogonally 
additive functionals have been the subject of study in 
Sundaresan and Kapoor If X is a Banach space of real 

valued measurable functions on a measure space and if f and 
g G X, tten f is said to be L-orthogonal to g in the lattice 
theoretic sense (f Ij^g) if set 
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{s : f(s) g(s) 0} 

is of measure zero. Integral representations of 1- orthogonally 
additive functionals has been subject of extensive study, For 
these and related results we refer to Drewnslci and Orlicz 
Sundaresan [[42^ and Mizel and Sundanesan [[SS]] and the 
bibliography cited therein. 

In the fifth chapter of the thesis we consider the 
representation question on lines similar to those in Sundaresan 
and Kapoor [^44^, In the place of linear transformation 3! 
we will use a nonlinear transformation K on a locally convex 
topological vector space Z into Z% having certain monotonicity 
and continuity properties. N-orthogonality is studied and the 
question of description of N-orthogonally additive functionals 
is looked into* 

We end this introductory chapter with the proofs of the 
criterion (B) and of theorem 1,1,4 as promised earlier. 

Proof of (B), In view of assume that X is two- 

dimensional, First let Z be an inner product space and let x,y 

be two linearly independent elements in it, Kie set 

S = <(a,p) e a [(ax + pyj [^ = 1 ) 

= e R^ a Ixj 1^+P^I {yj |^+2ap(x,y) = 1> 

is an ellipse in view of Gaucty-Schwartz inequality 

< Ihll* l|y||l 
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To prove the converse let us assume without loss of 
generality that X is the x-y plane and the unit sphere is the 
e Hip se 


( 1 . 1 . 3 ) 


2 

X 



1 . 


let z = re he any non- zero point of X and let the ray from 
origin to z Hitersect the ellipse in z' = r'e^*^. Then r* is 
determined by 

So that 


•2 


2 * 
cos ♦ 

— ^ + 


( 1 . 1 . 4 ) 


r = 


ah 


. ,, - . . » — 

Yo cos + a^ sin'^ 4 i 

Since norm of X is the Minkowski functional of the ellipse, 
therefore 


( 1 , 1 * 5 ) 1 1 I = r/r’ = ^ cos^4> + sin^ 41 . 

i+l i<l>2 

Now let z^ = e and Zg = r^ e be any two points of the 
plane. Then 


Zf + Zg = Re 


i^ 


where 


R cos ^ = r^ cos + Tg cos $ 


R sin’(» t= sin + rg sin $g 


( 1 . 1 . 6 ) 
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From (1,1,5) and (1,1,6) v/e have 


^ 2 2 

2 “b (r^ cos ‘**2^ ^^1 ^2^ 

= , ^ . 

a h 


Z^+Zgl 


S imxlarly 

2 2 2 2 
2 li (r^ cos <f>;L-r2 cos (Jig) +a (r^ sin <l>^-~r2 sin <^g) 

Z^^-Zgj 1 = — 

a b 


and thus we have 


1 Ni+zgl 1^ + 1 hi-zgl 


2 2 2 2 
cos *^2 

8 + 

2 2 2 2 
sin <>1+^2 ^2 

+ 2 


= 2[r^ 


2 (b^ cos^ <J»^+a^ sin^ 
1 


Q, u 


+ r. 


g (b^ cos^ <J>2+a^ sin^ (Jig) 



a b 


] 


= 2 Cl Nil I" + INzIl^D- 

Thus I l.| I of X satisfies (JN) and hence X is an inner- 
product space. 

Proof of theorem 1.1,4, We will first show that X is a strictly 
convex space. Let x y G X such that 

lii^ll = llyll = 11^11 = 1 . 

By hypothesis there exists a number a such that 
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(1.1.7) 1 |k 2^ + a 2^ + x| I = I |k 2ftl _ a 2fi:£ . X| I 

for all 1: G R. 

let k = a in (1.1.7). TJms we get 


I + x| I = 1 jx] 1 = 1 > l2al - 1, 

so that I aj < i. 

Again letting k = |- + a in (1.1.7) we have 


(1.1.8) ||(2^|a) (^+|)y|| = lljll = 

If a > -2/3, (1.1.8) yields 

2a + *. 


1 

3 * 


8.. I 


which gives a = —1. But that is not possible for we are 
assumliig a > -2/3. Thus 


-1 < a < -2/3. 

But then (1.1.8) gives 

^ > I2 + I a| - j| + || 

Q . 3 „ 1 a 7 

= * + + = ^ + 2a. 

That means a ^ —1, 

Thus a = -1 is the only possible value of a in (1.1.7), 
With a = —1, (1,1,7) bec(xaes 
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||„ = lit S|h 2 _ for ante K. 

We write this as 

(1.1.9) 1 + k(x-y) j j = 1 -kCx-y)! 1 for all k. 

Similarly we can prove 

(1.1. 10) 1 1^^^ + P(x-y)l j = 1 - p(x-y) jjfor all p e R* 

Putting k = p - ^ in (1.1.9) and then using (l.l.io) 

we get 

I I (P-l)(3i>y) - ^1 I - I |P(»-y) - ^1 I = 0 for all 
Or for all § > 1 

I l(p-l)(^y) - I - (p-1) 1 |x-yl 1 - C I iP(^y) - I 

- Pi ix-yl □ = 1 |x-y}} 


or 


1 1 - 1 l^-yl ! 


1 l(x--y) - 1 - 1 |x-yjl 

1 

L PIT J 


VP 


= 1 jx-yj ] for all p > 1, 


faking the limit as p tends to infinity, we get 

1 lx-y| I = a; C^y, - = o. 


which gives the contradict icai. Hence X is strictly convex. 
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Suppose now that there exists a pair of vectors x and y 
and number X 5.^ 0, ± 1 such that 

1 lx + yl i = 1 lx - y| I 
1 1^ + ^y! I 7^ 1 |x - xy| i . 

By hypothesis there exists a number a ^ 0 such that 


1 lx + k(ax + y)l 1 = 1 |x - k(ax+y)j ( for all k e R. 
If a > 0, take k = and get 

+ iSa ^ yl 1 = 1 1^ - (ifoc ^ + il^ y)!i • 

OCX 1 

Since y is a convex combination of x and y 

1 |x-yl 1 = 1 lx - (|^ + ^)1 i + 1 1^ + ija “ yl I ' 

therefore 

I b+y| 1 = 1 1^ + ror + 1 + 1 1^ + - yi 1 


or 

I + ^ + X + y-(gj + ^)1 1 = I 1“^ + ^ X + x| 1 

+ I I • 

But X is strictly convex, therefore x + is a multiple 

y ” which gives a =-l, a contradiction. 
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Similarly if ^ ^ Oj v/s "take k = • Wow k(ccx + y) 

becomes a convex combination of _x and y vrhich yields a 
contradiction again in the same manner. That proves that the 
isosceles orthogonality is homogeneous and therefore the space 
IS an inner-product space by Theorem 1.1.10. 

The converse of the theorem is obvious. 



CHAPTER II 


Characterization of Inner— Product Spaces 

In this chapter we will add a few more results in. the 
long list of already known results characterizing inner-product 
spaces among normed linear spaces through norm identities. 

She best known such characterization is (JH) by Jordan and 
von Neumann • Considerable work has been done proving 

that other norm identities also characterize inner-product 
spaces. Day Schoenberg ^38^, Kasahara 

Senechalle ^39,40,41^, John Oman [^34^ and others have 
shown that for some identities these results can be improved 
in three ways i 

1. The identity need not hold for all vectors in the space, 

2. The identity can be weakened to an inequality, 

3. The identity may vary with the choice of vectors as 
long as the form of the identity is fixed. 

Most of the characterizations obtained in this 
chapter fall in the first category, Por ex:ample we will show 
that if a norm identity holds for mutually orthogonal vectors — 
orthogonal m some sense, then the space must be an inner- 
product space, 

2,1 Orthogonality Notions and Characterization of Inner- 
Product Spaces, 

Several writers [3^y» Blumenthal, Holub]] have shown 



27 


'tha.'t if in a noinned linear space isosceles orihogonaliiy 
irplies Pythagorean Orihogonalliy, or "the of her way round, 
then the space must he an inner— product space. In this 
section we will provide new results of the same kind, in 
addition to proving these results in our own way. But 
before we do that we establish a lemma that gives a new 
criterion of strict convexity m terms of isosceles orthogonality 
similar to the one in theorem 1.1.5 given by James {I 2o ]] 
in teims of Birkhoff-James orthogonality. 

lemma 2,1.1 , A normed linear space is strictly convex 
if and only if isosceles orthogonality is uniq.ue. 

Proof. Suppose X is strictly^ convex but is not 

unique. There exist x 51^ 0, z G X and numbers a and p (p ^ a) 
such that X ]_j ax+z and x J_^x+z. Suppose p > a. Then 
we see that x JLj y and x _Li YX+y where y = P-oc and y = ax+z. 

Gcnsider the function 'll given by 

V-Cn) = 1 jy + Tix] 1 , 

^ is a strictly convex function such that 

’*’(1) = lly+xll = lly-xll =^(-1) ajid 

i|»(y+ 1) = j |x+(Yx+y)| j =j j-x+(Yx+y)| | = if) (y-1) 

In case 0 < Y £ 2, we see that 
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♦ (Tf-l) = (_1) + I (1)1 < ^,(1) 

= ♦[[ f (■^-1) + (1 - 5) (f+l)"] < «'(y+i) 

axkd that is a contradiction. 

In case y > 2, n) v/ill have tv/o d 1st met local 
mmima one each in the intervals [^-1, l]] and []y- 1,Y+13. 
But the function is strictly convex and it can havB at 
the most one pomt of mininum — a global minimum, Ihus 
again a contradiction is seen. Hence y = 0 which implies 
that a = p, a contradiction which proves that in a strictly 
convex space, the iso— orthogonality is uniq,ue, 

lo prove the other side we start with the assurpticai 
that the space is not strictly convex, Ihen we have, for 
some pair of vectors x 5^ y that 



But then 


^+yl 1 = 1 ! (3:+y)+(x-y)l 1=1 j (x+y)-(x^y)l j 


Or I [x’l I = I [x'+y* I I = j |x»-y ‘ ] \ 

where x‘ = x+y and y’ = x-y 51^ 0. 

Ihen we have 

Ih' + = 11^' + = W-' -f-f\ 

Thus Ij x’ + ^ and ^ - i” • 



29 


Hence isosceles orthogonality is not unique, Therefore if 
isosceles orthogonality is unique, then the space must he 
strictly convex. 

In contrast to the above lemma and the theorem 1,1.5, 
we have the following result for Pythagorean Orthogonality. 

Theore m 2,1,2 . In a normed linear space X, Pythagorean 
orthogonality is unique. 

Proof, let us assume that Pythagorean orthogonality 
is not unique. Then as in the previous lemma we can assert 
that there are vectors x / 0, y 6 X and a number a > 0 such 
that X ip y and x ax+y. Then we have 

= Ibll® + Ihll® 

and l|x+ax+y||®= ||ax+y||®+ ||x||^. 

Setting 

♦(11)= t jy + nx] j ^ 

we then have 

(2.1.1) .j»(l) = 1 1x1 1^ + <l»(0) 

(2.1.2) (|>(cc+l) = <l»(a) + l|xll^. 

Before proceeding further let us first prove that for 
0 < V < 1 and ♦(n^) 7^ ♦( n^) , 

(2.1.3) un^ + (l-p) n2n v<{*(’ii) + (1-v) ^(n^). 
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Here 

yni + (1-y) ngl] = i ly + [; pHi + (l^v) x] 

= Mu (y+n^x) + (Um) (y+Tigx)!!^ 

< 1 ly+Ti^xl + (l~y)^ liy+Tjgxlj^ 

+ 2y(l-y) I |y+n^xj | [ [y+rigxj | 

= wj \ 7+r\^x\ 1^ + (l-y)l I y + ri 2 x| 1^ 

+ (v^-y) Cl|y+nixll^+ lly+Tigxd^ 

- 2 1 ly+n^xl I I ly+Dgxj | 2 

= y'J'(r)^)+(l-y) •J'Cng) 

- y(L.y) C I ly+n^x| t-{ ly+n^xj | 

< + (1-y) (^(ng) 

inequality being strict if 

I jy+n^x| I 4- 1 ly+tigxj | i.e, when 

That proves the inequality (2,1,3). 

How suppose 0 < a < 1, We have then by (2,1.1) to 

(2.1.3) 

(2.1.4) <^(a) < a4»(l) + (1-a) ^.(o) and 

(2.1.5) (^(1) < a^(a) + (3-a) ♦(o+l) 

= a*(a) + (1^) [;♦(«) + ♦(!) - *(0)3 
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and that gives 

a4)(l) + (l^a) <t(o) < 4>(a) 

contradicting (2.1,4). 

In case a > 1, we use convexity of 4> and (2.1,1) and 
(2,1.2) to obtain the fact that 

‘{'(O) ^ <l>(a) 

and <{>(1) ^ <j.(c6+l). 

Us mg (2.1,3) again we obtam 

(2.1.6) ♦(!) < Hn *(o) + 1 *(a) 

(2.1.7) ♦(«) < i *(1) + (2=1) ^(cM-l) 

= ^ + [:♦(“) + ♦(!) - *( 0)3 

which yields 

< a4>(l) _ a$(o) + «j(o) 

contradicting (2,1,6), 

In case a = 1, we have 

4>(2) = 1 ^( 1 ) + I |xj 1^ = (Ji(0) + 2| |xj j ^ so that 

^•(l) < I ZHo) + <^(2)3 

= ♦(O) + I |x| 

which is false, Thus always we get a contradiction. Therefore 
Pythagorean orthogonality is unique m any normed linear space. 
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Our next theorem comhines two results of Day (Theorems 
5.1 and 5.2 C I] ) characterizing inner— product spaces. Day 
first pro'VBs that a normed linear space B is uniformly convex 
with a modulus of convexity 5 (g) > S 2 (G) = 
for 0 < G < 2 if and only if B is an inner-product space. 

We give a proof v/hich is, perhaps, simpler. 

Theorem 2,1,5 . let S be a normed linear space . Then 
the following are eq.uivalent : 

(i) x,y G X, I |x+y| |^ = | jxj + j |yl 1 ^ ==> 1 jx+yj | = | \ ^j\ j . 

( ii) X, y G X, | j x+yj | = | | x-y| j ==> j | x+yj | = 1 1^1 1 ^ + 1 1 yj 1 * 

(lii) X IS an inner-product space. 

Proof, let us first show that if (i) holds, then X 
is strictly con-rox. If not, then there exist points x,y e X, 

X 7 ^ y such that 

11=^11 = Ihll = 11^1 1 = 1- 

Clearly Ip ^ Theorem 1,1.3 taere exists a o such 

timt 

^ If “(^) ♦ y 

(2.1.8) 1 |(i+«) + yl 1* = 1 + 1 + yl 

But then ( 1) iB^jlSes that 

(2.1.9) ii(i+«) (^) + jil - (^) - yil' 
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By Tneorem 1.1.? 

i“i < 

For ja| <1, (2.1.8) yields 

= I|(%^) 3C - i^) y|| < 1 . 

‘lhat means a < . 1 . itma a nas to be _l. (2.1.8) tnen yields 

1 = 1 |y! 1^ = 1 + i !-x+y| 1^' 

i»e. X = y, which contradicts the assumption. 
Tnerefore X has to be str ictly convex. 

To prove (i) ==> (ii), suppose the contrary. Then 
there exists a pair of points x,y e X such that 

I 1^+yl 1 = 1 jx-yl I but 
I |2:+y| I |xl + I jyj |2. 

Choose a ^ 0 such that 

llx+ax+ylj^= l|x|l^+ Ijax+yll^. 

But then by (i) 

1 |x+ax+y| 1 = Ijx - (ax+y) j | . 

Thus X I.J y and x Ij ax+y, which is contrary to Lemma 2,1,1, 
Tlaat proves 
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(i) ==> (ii). 

To prove (li) ==> (iii), let 

I i = 1 |yl I = 1. 

Then we have 

ll(x+y) + (x-y)ll = |l(x+y) - (x-y)]} 
and therefore hy (ii) 

1 lx+y+x-y| 1^=1 jx+yt \ ^ + \ t^-yj 
Thus for 1 ix| 1 = 1 |y| 1 =1, 

1 l^+yl 1^+1 Ix-yl 1^ = 4, 

By the criterion (D^), we get the result. 

(ill) ==> (i) is trivial. 

Next theorem shows that Pythagorean orthogonality 
implying Birkhoff- James orthogonality or the reverse implication 
characterizes inner-product spaces. 

Theorem 2.1.4 . Let X he a normed linear space* Then 
the following are equivalent : 

(i) x,y e X, 1 jx+yj 1^ = 11x11^+ jjy] ==> 

I |x+Xyj I > I |x} j for all X G R. 

(ii) x,y e X, I |x+xyl 1 > j jxj | for all X e R ==> j jx+yj 

= 1 1^1 1® + l|y||^ 
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(iii) 2 IS an inner-product space. 

Proof, first we ?/ill sliow that (i) implies strict 
convexity of the norm. If nor, let 

1 Ixj 1 = 1 Iy! 1 = 1 1^1 I = 1, X 5^ y. 

Here j ] ^ 1 ^ = 4 ^ 1 ] xj j ^ + 1 i [ 2 ^ 2 

i.e. 

Choose a such that 

^ ip a ^ + X. 

Then 

(2.1.10) 11(0+1) + xl 1^ = 1 + 1 !« + xl 1^1 

hut then (i) implies that 

(2.1.11) I 1^^ + a X (^^) + Xxl 1 >1 l^^l 1 = 1 for all ^ • 

Choose X = - ” . (2.1.11) gives 

I“1 < !• 

Writing (2,l,ll) as follows 

(2.1.12) ||{|+ f^+ l)x+ (|+ fi)y|l > 1 for all 1 

1 

and putting X = - , we get 

l| - 2{a+5Tl - ^ 
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lEfrl ^ combined v/ith \a\ < 1 yields a = -1. 

That means 

ip^. 

Therefore 

or 1=1 ^.||^||2. 

Hence x = y, v/hich contradicts the supposition* So X is 
strictly convex. 

How we show that (i) ==> (li). Suppose that 

I |x+W| I > I |x| I for all A bat | | x+y] | ® I |xll® + | |y| f. 

By Theorem 1.1,3, there exists a 0 such that 

y ip «y + X. 

Then ay + X ip y. 

How (i) gives ay+x ij y, but that contradicts left imigLueiiess 
of Birkhoff-James orthogonality in a strictly convex space. 

So (i) ==> (li) is proved. 

To prove (ii) ==> (iii), we first prove the following 
lemma, a special case of which was proved by Sundaresan [^43]]] 
by using a geometrical argument. Our proof is analytical. 

lemma 2,1.5 , let X be a normed linear space and 
O) 8 X and p > 0* Then there exists a y e X such that 
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X ij y and x+y Ij x-py. 


Proof, 
that X Xj y* 


let X 5/ 0 be given. Choose any y ;i4 0 such 
By Theorem 1.1.8, vie will have 


> 0 and q_[_(x,y) < 0, where 4'(x,y) 

are respectively the right and the left derivatives of the 
norm at x m the direction of y. 


Put 

g(x) = I |x + xyl 1 . 

It IS easily seen that g(X) is a continuous convex functicai 
of X and 


g+(X) 


lim 

t - o"^ 


g(X+t) _ g(x) 


lim 

t - 0^ 


1 1 (x+xy)+tyl l_j |x+xy| 


= <l|(x+Xy,y) 

similar ily 

gl(x) = 

Bere we observe that the right derivarive g_|_(X) of 
the continuous function g(x) is a nondecreasing function 
continuous from the right and the left derivative g'(X) of 
the continuous function g(x) is also a nondecreasing function 
continuous from the left i.e. 



g4.(x) = g;(x„) 
gl(^) = gH^o^ 


and 
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(see for example Krasnosel* skii and Rufickii QLeinma 1»2,28]^), 
Using Theorem 1,1,2, v/e have for X < o, 

q_J,(x+xy,x-pxy) = a|(x+xy,x+xy-(l+p )xy) 

= llx+xylt + q|(x+xy, -(i+p)xy) 

= llx+Xy|| - (l+p)X q_J_(x+Xy,y) 

= 1 Ix+xyj I - (l+p)x g|(x) 

and for x > 0 

'ijCx+xyjX-pxy) = 1 jx+xy] 1 + (i+p)x q|(x+xy,-y) 

= l|x+Xy]l - (l+p)X q._^(x+Xy,y) 

= 1 l 2 c+xy| 1 - (l+p)x g^x) 

So the function H(X) = <l_J_(x+Xy,x-pxy) is defined for all X and 
IS such that 
for > 0 

lun H(x) = I |x + X^yl I - (1+p) Xo gUXo) = H(ip 
^ ^0 

and for X^ < o 

Im H(X) = 1 [x + X^yj 1 - (1+p) Xq g|(XQ) = H(Xq) 

X X o 

Uow set 

G(X) = q‘(x+xy, x-pxy), -“ < X < <= 0 . 


We see that 



G-(x) = -q._J^(x+xy, -x+pxy) 

= - C‘l+(x+Ay, -x-Xy+Xy+pAy) 3 
= - C-l |x+xyi| + <i;(x+Xy,x(p+l)y)3 
= llx+xy|| - q|(z+xy, (p+1) xy) 

Hence for x > 0 

G(^) = 1 |x+xyl I - (l+p)x (I4.(x+xy,y) 

= 1 lx+Xy| 1 - (l+p) xgj(x) 
and for X < o 

G(^) = 1 lx+xy| 1 - X(l+p) (I2.(x+Xy,y) 

= I |x+xyi I - X(l+p) gl(x) 

From these equations we ohtaui that 
for X^ > 0 

S(X) = l|x+X„y|l - (l*p) g;(xp = e(xj 

O 

and for X^ < 0 

Im ^ &(X) = I jx+x^yl 1 - (1+p) X^ SKXq) = G(X^) 
X -* Xo 
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H(x) = q._j_(x+xy,x-pxy) 

= q.|(x+Xy, -px-pXy+x+px) 

= q.|(x+Xy, _p(x+Xy) + (p+l)x) 

= -p I jx+xy] 1 + q|(x+xy,(p+l)x). 

Therefore 

H(X ) -* — oo as X -* ± o°. 

Suppose 

a = sup { X > 0 : H(x ) > 0 } . 

Clearly H(a) ^0, because H(x) is continuoi^ from the left 
for X > 0 . 

Suppose G(a) >0. Then G(x) > 0 for some values of X > a, 
because G(X) is continuous frcsa the right for X > 0. 

But 

H(X) > G(X) for X > 0. 

So a cannot be the supremum v;hich is a contradiction. 

Thus G(a) <0. 

That means 

q^(x+ay,x-pay) > 0 

and (lj_(x+ay, x-pay) < 0 • 

This shows that 

X + ay J_j Xrpay 


by (Theorem 1.1,8. 
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Replacing ay by y, we complete the proof of the Lemma. 

Remar k 2.1.6 . When p = 1 in lemma 2.1.5, v/e ha-ro 
the special case proved by Sundaresan (lemma 1, [^43]]). 

We now complete the proof of the (li) ==> (iii) part 
of the theorem, let 

11^1 1 = I lyl I = 1 


be given. If x J_j y and x+y J_j x-y, we have 

4 = 1 [x+y+x-yj = | jx+yj + [ |3&.yl 1^. 


^ Z.J y» lemma we can choose an element z g X such 

that 

X J_j z and x+z J_j x-z. 


Then 




= 11111®+ 11111®+ 11111®+ iifii® 


which yields llx|| = llzj] = 1. 

Let a and p be such that y = ax + Pz. Then 

1 lyl 1^=1 lax+pzj 1^=1 jaxj 1^ + 1 INI 

= = 1 , 

I jx+yj 1^=1 |(l+a)x+pz| = (1+a)^ + p^ and 

I lx~yl 1^=11 (l-a)x - pzl + p^. 
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Ihus 

1 Ix+yl 1^ + I jx-yj = 2(a^+p2) +2=4. 

By the criterion (D^) , we obtain the result, 

lorch proved the criterion (1) mentioned in 

Chapter I which was a considerably weakened form of the 
criterion (B) of homogeneity of isosceles orthogonality 
proved by James, The following corollary is analogus to 
the above in the context of Pythagorean orthogonality. 

^ 2.1.7. let X be a normed linear space, 

Then X is an inner-product space if and only if the folllwing 
holds ; 


(1‘) for some y ^ 0,1, Ijx+y] = j \x\f + j jyj ==> 

1 Ix+Yyj = j |xl 1^ + j |yy] 1^. 

Proof. The case of y = —1 has been proved by Day 7^1 
Without loss of generality it can be assumed to be greater 
than 1, Now suppose x and y G X such that 

|lx+y|l®= 11x11®+ llyll®. 


Then by repeated application of (!»'), we will have for n > 1 


or 



11"^ + ^ y|l “ 11^1 


n 



2 
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Therefore for all n > 1 


. |x + — y 

(11^^ + ^yll + ii^ll) (" ^ 


X 


■) = 


lyl 


n 




In. the limit as n we ha^v^e 


2] Ixj 1 l|(x,y) = 0. 

But in view of Theorem 1.1,7, it means that x J_j yj therefore 
hy Theorem 2,1.4, S must be an inner— product space. 

If X IS an inner— product space, then (f* ) holds 
any way. 

To complete the picture we have the following : 

Theorem 2,1,8, In a normed Imear space X, each one 
of the following conditions is necessary as we 1 Insufficient for 
X to be an inner-product space, 

(i) X Ij y ==> X y. 

(^) X Ij y ==> X ip_ y. 

(iii) X ip y ==> X ij^ y. 

(iv) X ij y ==> X ij y. 

(v) X ip y ==> X ij y. 

Proof. If any one of tie first three holds, tten by 
Theorems 1.1.3 and 1.1.4 the result follows. 

Suppose (iv) holds. let x ^ 0, y 6 X. Ihere exists a 
sudi that X Ig ax + y* But ti^n x ij k;(ax+y), because 
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Birkhoff-James orthogonalii:y is homogeneous. By (iv) 

^ J-i k(ocx+y ) fon every k. Bu1j "then x ocx + y, and 

Roherts* orthogonality is nontrivial, Therefore hy Theorem 1.1.4, 
X is an inner-product space. 

To prove the sufficiency of (v) we proceed as follows : 

let 1 jx| I = 1 jy| j . Then x + y J_^ x-y and therefore 
x+y Ij x-y. Thus 

1 I x+y + X(x.-y)l I > j [x+yl | for all X e R. 

^ 1 

In particular let X = v/here a > 1. Then 

a +1 

2 

1 l(x+y) + (x-y)l I > 1 jx+y] j . 

a +1 

Therefore for a > 1 

1 I ax + a-^l I > 1 1 x+yj [ > ] jx+y] j . 

Thus (v) implies the criterion 

(^ 5 ) 1 1^1 1 = I |yl 1 ==>■ 1 lax + ar\\ I > 1 jx+yj | for all a > 1 

for inner-product spaces proved by lorch 

Remark 2,1.9. (a) A proof of (v) appears in Day 

where it is listed as criterion (M). 

(b) In a research announcement, Holub [] 18][| has stated (iv) 
and (v) of the above Theorem without proof - (v) in the 
equivalent form 
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I 1^1 1 - 1 lyl 1 ==> x+y ]_j x-y. 

— involvong Orthogonality and 

Characterization Oj. Inner-Product Spaces* 


The next couple of characterizations of inner-product 
spaces obtained by us m the thesis are modeled on the foUowmg 
proposition in plane geometry j 


Suppose AABG is a right-angled triangle, right-angled 
at A and points P and Q are on AB and AG respectively. Then 

BQ^ + PG^ = BG^ + PQ^. " 


The corresponding proposition in an inner— product space 
is that for x and y in an inner— product space X 

(x,y) = 0 <==> llax+yll^ + l|x+byll^ = llax+by|l^ + Hx+ylj^ 

for 0 < a, b < 1, 

In an inner-product space all orthogonalities - isosceles, 
Pythagorean and Birkhoff-James - are equivalent to the inner 
product orthogonality i.e, 

X J_y <==> (x,y) = 0. 

In view of this the following results are quite interesting. 

Theorem 2.2*1 . let X be a normed linear space and 
a,b G R such that 0 < a, b < 1* Then the foUowtng are 
equivalent : 
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( i) x,y 6 and | jx+yj | + j [ax+by| = | jax+y| [^+ 

+ I hy+xj ==> X J_j y. 

(ii) x,y e X and X J_j y ==> ] jx+yj + | jbx+ayjj^ = j jtx+yj + 

+ 1 jx+ayj j ^ 

(ill) X IS an anner-product space. 

Proof. Let us first prove that if (i) holds, then X is 
strictly convex. If not, choose x and y e X such that 

1 1^1 1 = Ilyl I = 1 1^1 i = 1 

and such that x and y ajce extreme pomts of the unit hall of X, 
Clearly 

11^+ y|t^+ I|a(^) + byl|2/ Ila(5£|i)+y||2 + ||^+T,y||2 

for otherwise 

2 2 2 

4 + (srf-b) = ( 34 * 1 ) + (b+l) , which requires a = 1 or 

1=1, let a >_ h without loss of generality. 

\7e choose a 0 such that 

1|^+ a(^) + y|l®+ l|aif;+b(a^+y)||2 

; (2.2.1) = lla ^ + a ^ + yjl® + 1 1^+ b a + by| 1®. 

That such a choice of a is possible will be shown in the 

' 

r 
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Lemm a 2 »2 ,2 , Let X be a .lormed linear space and, 

0 <. 3.f b < 1, 0 7 ^ X, y G X» Then there exists a number a 
such that 

2 p 

1 1 (o6+l)x+yl i +1 lax+b(ax+y)| I =) 1 ax+(ax+y) j j ^+j |x+b(ax+y) j [ ^ 

Proof of Lemma 2,2.2, Set 

g(t) = I |x+tx+y| 1®+1 |ax+btx+byl |ax+1;x+y| |®-| |x+btx+by| 

= [;ilx+2|£|l^l|bx+a^l|2_ iix+Sf^il^ 

. iibx^^ii^: 

= 1=^ C(lh+ ^11^-1 1x11^) + (l|bx+ - llbxll^) 

. (l|x+ S|t£||2 . l|^||2) _ ;^||2 _ iibxllhn. 

Thus for t 7 ^ 0 

llx.^1!^- 11x1!^ 

= — + — I 


ax+y. I 2 


11^, a|tz||2 . |i^ll>; ||ta + ^1|2 - l|bx|| 


1 


1 

t 


or lim 

-► CO 


= 2| jx] lq._J_(x,x+y)+2l jbx] 1 q.|(bx,ax+by) 

- 2l |xj| <l|(x,ax+y) - 2] jbxl j q._j_(bx, x+by) 

= 2^ I |xl 1^+1 lx| jqL^(x,y)+abl (xj |^+b^| jxj lq.|(x,y) 

-al|xt|^- 11x11 q.|(x,y)~bl 1x1 1^ 

- 1=^1 1 i;(x,y)] 



- 2 1 1 x] i ( l_a) ( l_b) > 0 . 

Similarly 

llB 2 ||X||2 ^ 

u “** —CO 

Therefore as t - co^ g(-t) -* oo and 

as t -* -o=>, g(t) -* -oo. 

Hence there exists a number a such that 

g(a) = 0, which was to be proved. 

Continuing with the proof of the Theorem 2.2.1, we 
have from the equation (2.2,1) and the hypothesis (i) 

^ ij «(S?) + y. 

Thus 

(2.2 ,2) I + k 1 >1 l^l^l 1 = 1 k e H. 

1 

Putting k = - — we obtain from (2,2,2) that 

I“1 1 

Now rewriting (2,2,2) in the form 
(2,2.3) I j(| + ^) X + (|+ |2. + k)y| j > 1 for all k. 

1 Irrf 

Choose k such that ^ + g— + k = 0, Then from (2,2,3) 


we have 
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lcx +21 < 1 . 

Mow I oij a 2 id j cx+2 1 1 imply cc = —1, Pu'fc'fcing cc = — 1 

in (2.2.1) yields 

1 + |l(a-b)(^)+by| 1^ = I |(a-l)(SS|2) + y| 

+ ! I + ^y! I ^ 

or 



and that gives 

-1 ^ ^ II i a+ i I 1 2 ^ 

1 4 - a = I I “=-^ X -f y I I +1 

1 lii^ ^ ^ yl I = ^* 

wilting 

y = (^S) ^ + (1 - ^) (|# X + y). 

we see that y is a convex combination of two points of the unit 
sphere which is not possible, since y v/as taien to be an extreme 
point of the unit ball and therefore we meet a contradiction. 
Ihas X must be strictly convex if ( i) holds. The case of 
b ^ a is similarly dealt with. 

Mow we prove that (i) implies (ii). If not, let x Xj y 


and 


1 Ix+yj 1^ + I jbx+ayl ^ [ jbx+yj 1^ + j jx+ay] j^. 

There exists a ^ 0 such that 

j [ay+x+yj | +j la(ay+x)+hyj |^=[ |a(ay+x)+y| j^+[ jay+x+hy| 
hat then (i) implies that 

ay + X Ij y, 

vvhich violates the left uniq.ueness of Birkhoff-James orthogonality 
in the strictly convex space X (see Theorem 1.1.6). Hence (i) 
implies ( ii) . 

Finally to prove (li) ==> (iii), let y Xj x. By (li) 
and the homogeneity of the orthogonality 

1 I i ^ = I 1 ^y+xj 1^+11 y+ax| 1^-11 hy+axl 1 ^ 

= (11 h^y+xl 1^ + 11 hy+axl 1 ^ “ 11 T^^y+ax] | 

+(11 hy+axl 1^+11 y+a^xl 1^-11 hy+a^x] 1 

- 1 1 hy+axl 1^ 

= (I h^y+xl 1^ + I ly+a^x] 1^) - 1 Ih^y+axj 

- I 1 hy+a^x| 1^+11 hy+axj ] ^ 

= (1 lT3^y+xl I^+l ly+a^xj 1^ -I |h^y+axl 1^“! |^y+a^xj j^) 

+ ( 1 Ih^y+axj 1^+11 hy+a^x] | ^ - 1 1 h^y + a^xj \ 

= 1 1 h^y+xj 1^+11 y+a^xj 1 ^ - j 1 h^y + a^xj | 
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By induction, we get 

y JLj X ==> I [y+xj I = 1 It^y+xl 1^+1 jy+a^x] |^ - j |b^y+a^xj 

for all n ^ 1, 

In the limit v/hen n -* «>, one gets 

y Ij ==> Ilx+yl|2 =11x112+1 lyll®. 

But that IS sufficient for X to he an inner-product space 
(Theorem 2.1,4), 

How to complete the proof of rhe Theorem, it is trivially 
seen that (in) ==> ( i) . 

Theorem 2,2,5, Let X he a normed linear space and 
0 < a, h < 1, Consider the following statements s 

(i) x,y e X and [ jx+y] j ^ ] |ax+hyl = j jax+yj lx+hy| = 

1 !x+yl I = 1 Ix-yj j . 

(ii) X, y e X and | |x+yj ] = j jx-yj [ ==> 

1 l^+yl 1^+1 [ax+hyl 1^ = ( lax+y| 1^ + 1 jx+hyj 

(iii) X IS an inner-product space. 

Then (i) => (ii)| (li) ==> (lii) when a = h,and 
(iii) ==> (i). 

Proof, As before we prove ficst that if ( i) holds, then 
Z IS strictly convex. If not, choose x and y such that they 
are extreme points of the unit hall of X and ♦ » " 
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ll^ll = l|y|| = 11^1! = 1. 

Assume a > b, Then 

I + y| + I la + by] I® = 44-(a+b)® 

/ (a*l)2 + (b+l)2 = I |a(5^) + y| 1 2 + | 1 + tyjl ^ 

As in Theorem 2, 2.1, we have an a 5^ 0 such that 
(2*2,4) j I (1+a) + yj ^ j j (a+ba) + by] j ^ 

= 1 |(a+a) + y| + I |(ba+l) (2^)+by| j 


But then by (1) we will have 

(2.2.6) 1 1 (1+a) ^+ yll = ||(a_l) ^ + yl 1 

= I I (| - |) X + {| + |)y| I 

Prom eq_uation (2.2.5) and Theorem 1,1.7 one obtains 


a] < 1. 


If 0 < oc < 1, then the equation (2,2,4) yields 

(2+a)^ + [;a<-b(a+l)3^ = (l+a+a)^ + (bo+b+l)^ 

or a = -1 
which is false. 


If -1 < a < 0, then from (2,2,5), we 

(2+a) 1 (^ + §■) + (^ - §■) = 


have 


1 


9 
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or a <_ -1. 2hus a = -.1 is the only possible value of (2.2.4), 
Then the equation (2,2*4) yields as in the previous theorem 

1 = 1 II# X + y! 1 

and 

-IT 1“^ , / -1 l**a \ / l*f-a a .. 1 \ 

becomes a convex combination of t\Yo points on the unit sphere 
of X, But y was taken to be an extreme point of the unit ball. 
Thus there is a contradiction. Therefore X is strictly convex, 

How to prove (i) =zz=> (ii) suppose that (i) does not imply 
(ii). Then there exist points x and y such that 

j jx+yl 1 = I jx-y] 1 and 

} jx+y| 1^+1 jax+byj | jax + y] + ] |x + by] 

Choose a ^ 0 such that 

j l(a+l)x+yl 1^+1 lax+b(ax+y)l 1^:;= j jax+ax+yj j^+I |x+b(ax+y)l 

Then ( i ) imp lie s 

j jx + ax + y] 1 = 1 lx - (ax+y)| | 

Thus we have x Ij y and x J_j ax+y, but thabcontradicts the 
uniqueness of isosceles orthogonality in strictly convex spaces 
proved in lemma 2,1.1, Hence (i) ==> (ii)» 


How suppose (ii) holds with a = b, let 

I l^ll = llyll = 
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Then j [ (z+y) + (x-y)} | = ] [ (x+y) - (x-y)l | 
Iherefore by (ii) we have 


1 I x+y+x-y] 1 ^ [ jx+y+x-yj | ^ 


1 la(x+y)+(x-y)| 

+ 1 lx+y+a(x-y) j 1 ^ 


Or 


1+a 


(l_a) |2 . I 1 1+a 1-a ,,2 . ? 

T yl I +\\~^+-^y\\ =1+9." 


The result; new follows by Day’s characterization (D,''') with 

1 - 4 “ 3 , 

^=11= and 'u replaced by equality ( = ) , 

(iii) ==> (i) is trivial. 


Remark 2 . 2 «4 « In Theorem 2.2,3 we vifere not able to 

prove that (li) ==> (in) when a b. It also remains to be 
seen whether the condition 

X ip y ==> 1 |ax+byi |^+j [x+yj = 1 jax+yl l^+j ix+by| 
even with a = b characterizes nmer product spaces or not. 

Theorem 2,2.5, Let X be a normed linear space and 
Pp> qp, Pg and qg be real numbers such that 

Pf Ii + P2^2 

Then X is an inner— product space if and only if 
(*) 2 : Xj y ==> p^ { |x+qpy| 1^ + pg j jx+qgy| = P^j l^fr-'lpyl + 

+ P2 
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Proof# If aIs axi mner—product space, "tlieii if is 
easily verified that (*) must hold. 

Suppose now (*) holds with p^ or pg = o or with = q^. 
Then ( *) is equivalent to sayang that 

^ Lj y ==> X y 

and that characterizes inner-product space. If p^ and pg 
both are different from zero, then (*) can be written as 

X Lj y ==> I [x+q^^y] 1^-1 jx-qgyl jx-q^y] 1^ - p‘i jx+q^yj 

with jp^l < 1, 

Or using homogeneity of Birkhoff-James orthogonality, the 
following holds 

(.**) ^ ir dl^by||2.||x+l>y||23 

viTith [aj <1 and |bj < 1, 
By induction one can prove that for all n > 1 

X ij y==> Ilx+y||k|l^y|l2 = a“ C I |®-| I • 

In the limit as n -* o°, we have 

^ ij y ==> X ii y 

and hence Xis an inner product space. 


Using the same idea we have following 
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X be a nomed Imear space and 
Pj_^ 0 ^ q.^, 1 = l,2,...,n numbers such that 


2 p q. for some i. 
^ 35^1 a 3 


Then X is an inner-product space if and only if uhe follo-.;ing holds: 

21 p 21 

(*) X ij y ==> p. I Ix+I^y] |2 = I lx_l^yl |2. 

Proof . Ihe (*) is necessary, is easy* To prove 

sufficiency assume without loss of generality -^lat 


Pl^- 


let X _[j y. Then we have 


Ix+q^yl 


&-<iiy| = .J:, ^ C I I’c-'ij.yl l^-l b+M 1*3 


i=2 Pi 


^+y||®-ll^y|l® = Jg ^ nib - ^y||®-lb+ ^11^3 


= ^^2 ^ I b-^iyl I - I b+'>iy| I ® 3 

where a . = ^ , b. = h , i = 2,3, 

By using the fact that B irkhof f-James orthogonality is 
homogeneous we get 
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x+y| I -Ijx-yjj _ ^ 2 ^ 1 1 ^-1 [x-b^b^yj 1 


1=2 3 


3 


= a.r 


2 C 1 1 x+bgy 11^-11 x-bgy ] | ^ ]] +Za^8^ [] | j x+bgb y | | ^ 


-I jx-bgbgyj \ + I 1 1^“I 


1 Ix+b^yj 1-1 tx-b^y] pl]+2aga^[3 j jx+b^b^yj j^ _ 

- I i3^-V4yll^3 

... + 1 |x+bgb^y| j2_| jx-bgb^yl f2 + ••• 


... + H il^+bnyll^ “ M-^-^ny|l^3- 

In this way by repeated use of the hypothesis (by 
induction) we get, for all m > 1 

r„ 


lx+y| 1 -I lx-y| 1 


( 


m 


^2»^3***^n "2---n 


) a^ ... a 


n 


ro . . .r„ ' “-2 " ' n 


2 r . = m 


i=2 

r„ r 


X jj 1 x+bg^ bg^ . . .b^'^y] j 2-j .b^^yj I 


— ^ ^r„r„...r ^ i^E^2l •** 

r 2 ...r^ 23 n 


lab ^ 

‘ n n 


2r^ = m 


x+br 


\^yl 1^ - i l^V “-^rL^yl I 


n 1 f 2 


^2 ^3 ^n 

V ‘>3 ••• C 

2 'l'(n) - 4 »(-rj) 

let ^(n) = I jx+Ttyl 1 • fbus is a bc»mded 


function of n for 0 < h < «>, In fact it has a finite limit 
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as Ti and as n -* 0, and is continuous on o < ti < “. 

Let M "be a bound ion <{> on 0 < n < “, Pran the above 
inequality vve have for all m > 1 


x+y] 1 ~1 |x-y| j ^1 <11 


Z ( ) 

r 2 +r 2 +...+r =m ^2***^n 


x I agbg 1 ^ 1 a^b^ j ^ 


-Iv^ja^bgl + la^bgl + ... + 

Hight hand side of this inequality tends to zero as m tends 

n 

to infinity because Z 1 a b I < l from the fact that 

2 ^ ^ 

^2 l^^i^il Pill* 

Thus in X, X J_j y =-> x Xq X which is a char act erizatic 
of inner-product spaces proved in Theorem 2.1.8. 

Remark 2.2.7 . Define an orthogonality relation in a 
normed linear space X as follows : 

oo _ oo 

^ Lq 7 <==> 2 p^ 1 Ix+q y| r = E p { Ix-q^yl j^. 

i=l 1=1 

This orthogonality is tte so called symmetrical case of 
Garlsson’s orthogonality ^4^. Theorem 2.2,6, then says 

X ij y ==> X J_e y 


implies that X is an inner-product space, 


i 
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»8 . Let X be a normed Imear space and & 

Then X is an anner~pr oduct space rC and only if 

(A) llx-yl 1 = I jax-yj j => Hx-yj + ajlxH^ = \ \j\ 

Proof, let x,y e X such that 1 jx+y] | = | jx-y] j . 

Then 

I 1 y _ (_x + g| y)| I = I ||^ y _ (.3; + ^ y)| I , 

Prom (A) we get 

(B) l|x-y||® + a||^ _ x| 1® = ll-x + g| y||®. 

By applying the same argument to tte pair -x, y in place 
of X and y we obtain 

(C) l|x+y||2+ a ||^x||2= ||x+ ^y||l 

Prom (B) and (0) we get 

Sa yll = 1 ^ y| 1 • 

Hence by Porch’s criterion (L) we get the result. 

Hemarlc 2.2.9. If we put a z= 3, ?;e obta,in the result 
of Preese [] 13]]] which was mentioned by Blumenthal p. 7) 

as a new norm postulate. 

? *3 Norm Identities Characterizing Inner-Product Spaces 

In this section we show that analogues m a normed 
linear space X of seme metric propositions in Buclidean plane 
give rise to postulates for X to be an inner-product space. 
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TjB.'tQH on 1/70 sliOY\r ’thci't soio.8 o± bliem o^nd i 7 »\ 7 o nocsn'fcly oublisiiod I 

characterizations are actually consequences of the theorem 1.1,14. ! 

I 

mentioned in Chapter I, ’ 

I 

A proposition in plane geometry : In any triangle \ 

I 

the sum of the squares of the sides is three times the sum >l 

I 

of the distances of the vertices from tne centre of gravity of 

tne triangle. | 

The metric analogue is : 

Theorem 2,5.1 . let X he a normed linear space. 

Then X is an inner-product space if and only if for all 
x,y, z e X 

(2.3.1) I |y+z_2x| + ljz+x-2y||^+ l|x+y-2zj|^ 

Proof, Necessary part is easy. To prove the 
. suff iciency ,let u and v G X. Choose x,y and z G X such that 

y +z - 2x = J - u. and 

z + X - 2y = ^ + u, 

¥ 

5 Then by equation (2.3.1), we have 

f o ^ 

h ^ 

i Or } 

I 

(8.3.2) I I v+a] 1^+1 1 t_u 1 1®=3[; 1 ly + u| 1*+1 I J - uj I® [ 

+ ^ llvll^a -4 ||u1i2. I 
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Replacing v by | in (2.3.2) and Then substituting the 
value of 

1 1 3 + u| I + I j 2 _ u.[ j 2 

so obtained in (2,3,2) vre have 

1 b+uj I® + 1 |v-ul|® = 3® C ||2j+ u| 1^ + 1 1^ - u| 1^3 

1 1^1 1^ - 4(1+3) I lu| 1^. 

By induction we get 


(2.3.3) j 1 v+uj j ‘^+1 [v-u] j^=3^ C I + 


n 


u 




4 

3 


C 1 + I +. . .+ 




2' 

2 


- 4 [3 1+3+.. .+5^3 j 1 


u 






+ 3 


ii^ir 

- 4 + 3 + ... + 3^) {jujl^ 


1 _ i 

■^ 3 



- 4 Hull" 



= 3^111 1^+1 1~ -'^1 1^-21 lul 1^3 

o o 

+ 2(1-^) Ibll®+21IMI^ 






4 

4*, 




it 



s 

/ 


$ 

V 

I 

I 

T 

il 


I 

I 
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ITow 


Ixm 3^ 

2^ oo 





= ^""^Cllwt^ll^-llul 




+ lid 

t -* 0+ 


t I |u_nv| I ^ 

- 


= 2 1 lu| 1 q_[_(u,v) - q.2(u,T) ] . 

I!]i6X6foi‘6 on 3.11ovrmg n "bo incnoaso "to uifmi'by m 
(2.3,3) we get 


Ilv+ull®+l |v-u||2=2||u1|2+2||v1|2+2||u| | [:'i;(u,v)-qyu,T) 3 . 

Thus m view of the fact that 

> q2(u,v) 

we have 

1 tu| 1 = I 1 v] 1 = 1 ==> I ju+v| 1^+1 [u-vj 1^ > 4 

and therefore X is an inner— product space by Schoenberg's 
characterization (S,'v). 

ihiother geometrical proposition : The sum of the squares 
on the sides of a quadrilateral is greater than the sum-of 
the squares on its diagonals by four times the squares on the 
straight Ime which joins the middle points of the diagonals. 

Theorem 2.3.2. (Analogue), let X be a normed linear 
space. Then X is an inner-product space if and only if for 
all x,y,z and w e X 


"1 


I 



i 

a 


i. 


% 
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P2?oof» The n.ecessi'ty is easily verified and for 
sufficiency let z = _x and w = -y m (2.3.4). This yields 
the parallelogram law, thereby proving the sufficient part. 

decently hakestrav/ has given "che follw/mg 

c har acte r i zat ion : 

2 .5 .3 « let X be a normed linear space. Then 
X is an inner-product space if and only if 


(R) n > 3, • • • j S X and , ,a^ are real 


numbers such that 


then 



n 

Z a = 0, 

i=l ^ 


1 < 


S, a a Ilx.-xJ 


The proof of the sufficiency of this theorem is immediabe : 
for X]_ and Xg G X 

i I = + Oi 

= I 1 l^il + I 1 l^zl 1^ - I 

by (R) and thus (JN) holds. 
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We v/ill prove the foUavmg modified form of the 


above theorem. 


■^-Q,_Q?g.SL„, 4 » Let X be a normed linear space, let 

prescribed non-zero real numbers such 


that 


2 a- = 0, 
1=1 ^ 


Tnen X is an inner-product space if and only if for 
all x^jXg, , . , ,35^ e X, 


(2.3.5) 


2 a. X 
1=1 ^ ^ 


2 1 Ix.-x-l 

l^i<0<n ^ 3 



Proof, The proof of the necessary part of Theorem 2.3,4 
IS the same as that of Theorem 2.3.3. Rakestraw has given a 
quite nice proof which we are including here for the salce of 
completeness. The proof is by induction on n. Thus if n = 3, 
then 

3 p p 

1 1^2^ = 1 la^(x^-x^) + a2(x2-X3)l [ 

2 2 

= Ijx^-Xgll +a^a2(x^-x^,X2-i^) 

+ CX^OCg ( Xg^Xj j X-j^^Xg ) + (Xg I I Xg— Xg j I , 

Upon replacing Xg-Xg by x^-x^+Xg-x^ and 
x^-xg by Xg-iJg + x^-xg 

in the second and third terms respectively and using additivity 
of inner-product, we obtain. 



i 
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I |Z a.x^l 1®=°=?! |x,-X3| 

l=^S-^l I «l“2(xg-^,x,-X2)+a2| |2 

= “=lC“i+“2)| ki-xjl l®+(‘2(aj^4.ag)||^^_^^| |2 

+ ctiagl : (^ l -=%.^- Xi )+( Xg - x ^, Xg - x 3 ^)+( x 2 . Xj , 3 Cj ^_ 3 jg )^ 

- -“i^g I I Xj^-xg I I -a^a^ I I xj^-xg | | | | Xg_Xg 1 1 ® . 

Mow assume that (2.3.5) holds for some n > 3. let 

m X aad a^.ag, ...,a^^^ ^ 0 be real numbers 

such that 

n+1 

2 a = 0. 

1=1 ^ 

Set X = -.('a +q: . 'i 


n+1 

I 

1=1 




= a 


= a 


'n+1 

2 



••■^“n^l* 

Then 


n 

a 



II 2 ( 

i=l ' 

i — -) X. 

““n+1 ^ 

^+ll I 

n— 1 a . 

1 ! 2 ^ X + 

i=l -“n+l ^ 

“n^ 

““n+l 

- “ii+ii 1 

1 ^ 1 

pn~l a. 

I V _ 

. 1 . 

“n’Si 

^n+l 1 

Lril T"iJ " 

~“n+l " 


*n+lll 


Since 


n+1 

II 2 

i=l 


a 


n 


■“n+1 “Vl 


- 1=0, it follows that 


P p P- Xa n-1 a.x. 
“x^lll = “n+1 - " " 


p - X a n- 

[?^lln!i-V-^ll 

n+1 

1 ru-l a.x. 

+ II Z “ “ 


a 


"Vi "ti i 


-^+lll 
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By the induction hypothesis, we have 


n+1 
2 ax 
1=1 ^ ^ 


- xa, 


n 


a, a . 

^ ^ 1 1 < D < n-1 


x^-x^ 


X a. 


n 


1— n-l a 

2 3^ hx 

1=1 ^ 


1-^1 1 




a a 

-2 — 1 X. -x_ I t 1 


1 < 1 < i < n -1 X^ i D 


oc . 

* 3rii='i-Viii 


Vn+l I 


Simplifying we obtain 


n+1 
2 a 
0=1 




-2 

1 < 1 < 0 < n+1 


°‘i “3 




lo prove that if ( 2 . 3 . 5 ) holds for all choices of 
XfjXg, , , .,x^, then X must be an inner-product space, we 
suppose, without loss of generality that 5/ ± ag. letting 
X2=x^= •.. = X 3^=0 in ( 2 , 3 . 5 ) we obtain that tjtere exist 
nonzero numbers such that for all x^ and Xg G X the following 
holds t 


(2,0,6) I I \ 1 1^1*“^! 1 “°^ll l^ll 1 

- «2 i 1^2! A ^^3 

J— «-/ 

=_a^ag 1 I Xj^-Xg 1 1 ^+a^(a^+a2) [ 1 x^l | ^ 

2 

+ ag(a]^+ttg) I |xgl I 
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= a^l jx^l I +a|l Ixgl I |^+| jx^] |^+| jxgj \^2 

Replacmg Xg by (-Xg) in (2.3.6) we obtain 
(2.3.7) 1 [a^x^-agXgl 1^ = + a| HxgH^ 

H- «i«2Cll^l+X2ll2+ilx,jl2^.1(^j|2;] 

Prom (2.3.6) and (2.3.7) we have the idenritv 

V 

1 l“l^l+“2^I - I l‘^l^l-“2*2l 1"^ = 1 i^i-^Cgl l^-l l^i+Xgl 1^3 

Thus in the normed linear space X, the following holds s 

llx^+Xgll = llx^-Xgll => 1 ja^x^+ttgXgl 1 = lla^x^-agXgll 

which is the criterion (1) of lorch. Hence X must be an inner- 
product space. 

In another recent paper [^22^ Johnson has proved the 
following : 

Theorem 2.3.5. let X be a normed linear space such 
tha,t for some n > 3 

E n (-1)™ 1 lx+my| 1^ = 0 for all x,y G X, 
m=0 m 

n p 

then E n (—1) ] jx 4 my| | = 0 for all n > 3 

m=0 °m ” 


and X is an inner-product space. 
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Proof, See L22]], 


In "the folloT/Zuig v/e nfeiid fo she./ "that: fhe fheorem 1,1,14 
of Oarlsson given m the first chapter is q.uite pov'/erful - 

powerful enough to yield Theorems 2.3.1, 2.3.4 and 2.3.5 easily. 

(1) Alternate proof of Tneorem 2.3.4. 

After getting equation (2,3,6) we can say that for 
all X, y G X, we have 

1 l==ll Ixgl 1^=0. 

Therefore the conditions of Theorem 1.1.14 are satisfied if 
we taXe 



a^ttg, 

^3 = 


^4 = -ag(a^+ag) 

bi = a^.bg = 

1 , 

bg = 

1 

11 

O 

“l = “S’°2 = 

-1 , 

°3 = 

0 and 

C4 = 1. 


Hence X is an inner-product space. 

(2) Alternate proof of Theorem 2,3,1. Prom equaticn (2.3.2) 
we have for all u, v G X 

I l^+^l 1^+1 l^-^l 1^-3] |u+ |1 l^-3l ju- J| |^+4| I 1 lv| 1^ = 0. 

The conditions of the Theorem 1,1.14 are satisfied if 

we talie 

4 

a^ — 1 , ^2 ” ^ ” —5 , a^ := —3 , ^ s ^6 ” **" ^ 

h^ = 1 , bg = 1 , bg = 1 , b^ = 1 , bg = 1, bg = 0 

1 1 

= 1 , Cg =-l , Cg = ^ » °4 3 » °5 “ " 


1 



xIbucs ji. mu.s'fc Id© aji umsi*— pj^oducb spac© • 
(3) Alt;©mate proof of Thoorem 2»3,5, 


fak© 
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~ = vj V = The 

r©(iuir©ments of the Theorem 1.1.14 are a^aan satisfied. 
Therefore X is an inner-product space. 

Ve end this chapter \^ith the 

S,3.6. One starts getting the impression tiiat 
the analogue of every reasonably general proposition of 
Euclidean plane would perhaps yield a characterization of 
inner-product spaces. It is not so. The follov/ing counter- 
example was suggested by Day and others and v/as worked out 
by Kelley 

Example _2.5.7. In the llinkowski plane of ordered pairs 
(x^jXg) of real numbers with unit circle a regular dodecagon 
the following norm identity is satisfied 

x,y e X, 1 jxl 1 = I ly| 1 = 1 = I |x-yi [ => j jx+yj | = f3. 

G-eometr ically stated it says that the medians of 
equilateral triangles of side length £ are of length ^ £ 
as they are in the Euclidean plane. 






Orthogonality lor Gener^izod Imer-Produot and Oharaotarization 

01 Inner— Product; Spaces 

ihe generalized inner-product <x,y> in a normed linear 
space X, IS the right Gateaux derivati-ve of the functional 
^ 1 1x1 1 , at X in the direction of y, fhe orthogonality 
relation for the generalized inner— product is 

y <==> <x,y> = 0. 

In this cJiapter, we obtain a result on the right existence 
of G-orthogonal pairs m every two-dimensional subspace and 
show by a counter example, the left existence may not be there. 

It IS proved that a normed linear space is smooth if and only 
if the B irkhof f- J ame s orthogonality implies tte G- orthogonality, 
and the left uniqueness of the G_orthogonality is a necessary 
and sufficient condition for the normed linear space to be 
strictly convex. Using these results v/e provide a shorter 
proof of a theorem of James which states that the symmetry 
of the G-orthogonal ity implies the symmetry of the Birkhoff— 
James orthogonality. R.A. Tapia proved that X must be 

an inner- product space if the generalized inner— product is 
either ssrmmetric or linear and D. laugwitz [[[29 3 proved that 
if the dimension X > 3 and the orthogonality for the generalized 
inner-product is symmetric, then X is an inner-product space. 

We give alternative proofs of these results. 


h t 

& ^ 
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3^1 Generalized Inner^roduct Orthogonality 

Let X he a real norned Imear space. 2he norm functional 
v/ill be denoted by q_{x) as before, ihe generalized inner- 
product of X with y, denoted by <x,y> is defined as follw/s i 


<x,y> = 


1 

S' 


lim 

t - o'*" 





It follows that 


<x,y> = 1 |xl 1 qj(x,y). 

Ve say x is G-orthogonal to y (x J_g y) if <x,y> = 0. 

Lhus 

^ Ig y either x = 0 or a_J_(x,y) = 0. 

for X > 0, the relations 


Xy) = xa_J_(x,y) and 


I 





'IjCxxjy) = a|(x,y) 

show that the G-orthogonality is positive homogeneous. 

In what follows, v/e \/^ill be using the results of 
Theorem 1,1,2 and Theorem 1.1.6, without referring to ttem 
agam and again. T/e begin by proving the right existence for 
G— ort hogonality , 

Theorem 5,1.1. Let x and y be Imearly independent 
elements of a normed linear space X. There exists a unaq.ue 
number b such that 


X J_g. "bx + y. 
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Proof, Take b = 




Then 


q.|(x,bx+y) = bj |xl 1 + q_;_(x,y) = o. Thus x bx + y. 

If there exist a,j3(a 5.^ p) such that 

X ax + y and x psn-y, rhen \re have 

aj |x| I + Q._J_(x,y) = p| |x| | + Q_|_(x,y) 'uhich m turn gives 
a = p, a contradiction proving tne uniqueness of 'b* m x lg_ bx+y, 

Por G~orthogonality there may be no number ‘b’ such that 

tx + y X, 

as the following example shows, 

2 

Example 5.1,2, Consider R with the norm 

1 KXfjXg)! 1 = Ix^i + Ixgl . 

let X = (1,0 ) and y = (0,1). Then we have 

1 ! ( TH-t, 1) I I - I I (n , 1) j 1 


q’(nx+y,x) = lim , 
* t -* 


= lim 


In+tj - [n 


t - 0" 


= 1 for n > 0 


=-l for n < 0. 


Thus qj_(nx+y,x) 0 for all n and therefore, there exists no n 

nx + y 1 Q. 


for which 


X 
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X be a normed linear space. 

S is smooth if and only if 

X, y e X and z ij y ==> x y. 

Proof, If ^ IS smooth, then x J_j y if and only if tne 
Gateaux derivative of the norm at x m rhe direction of y is 
zero, hence tJie t^/o orthogonalities are the same. 

If X IS not smooth, tiien there exist 0 7^ x and y B X 
such tliafc X J_j y and x J_j (x+y). Ihe hypothesis then 
implies that x y and x 1^ (x+y). But tliat means 

^+(x,y) = 0 and (i|(x,x+y) = [ [x] ] + q.|(x,y) = 0, 
which IS false. That completes the proof. 

Theorem 5.1,4, let X be a normed linear space, X is 
strictly convex if and only if the G- orthogonality is left 
unique i.e. if and only if 

ax + y X and px + y ig x ==> a = p. 

Proof. If X IS strictly convex and ax + y is X and 
px+y X, then ax+y J_j x and Px+y Lj x and therefore a = p. 

On the otherhand, if X is not strictly convex, then 
choose y and z such that 

1 lyl I = I 1 t = 1 t (l'-'fc)y+'b 2 :| I = 1 for 0 < t < 1. 



Por 0 < X < 1 



4! (x(2-y)+y,z-y) = lira 
+ t 0 ‘ 


(X+t)(z_y)+yj |_j ix(z-y)+y| 


= 0 . 

Thus Xx+y Iq. X for 0 < X < 1 T,;here x = z-y and hence the 
proof of “che theorem is completed. 

The follovring result is the Theorem 3,5 of James C !] * 
In view of the above results, we are able to give a shorter 
proof of it. 

T heorem 5.1.5. If m a normed linear space X, the 
G-orthogonality is symmetric, then the Birkhoff-James 
orthogonality is also symmetric and S is both strictly convex 
and smooth. 

Proof. Suppose x and y are 1 nearly independent elements 


of X such that 


ax + y J_Q. X and Px+y j_Q. x. 


Then by symmetry of G- orthogonality 


J[_P ax+y and x J_n Px+y. But 


a = p 


-il (x,y) 


then 



Therefore X is strictly convex. 

how suppose that X is not smooth* Then there exist 
x,y G X such that x J_j y but x £.q. y» Choose b ^ 0 such that 
y Iq ■by+x. Then by+x y and therefore by + x ij y which 
contradicts the strict convexity of the space. Hence X is 
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smooth and Tooth the orthogonalities are the sane 
the result. 


X ua 0 g Ives 


PP^o^ary 3,1.6 (laugii/itz ^29, Theorem 4|^), let X 
he a normed linear space of dimension > 3, Then X is an inner, 
product space if and only if <x,y> = o implies <y,x> = 0. 

Proof. If X IS an inner-product space, then the 
generalized inner product is the inner— product and therefore 
<x,y> = 0 ==> <y, 2 :> = 0. 


/ 

4 





The other way, if <x,y> = o ==> <y,x> = o, then hy 
Theorem 3,1,5, B irkhoff— James orthogonality is symmetric. 
Since the dim X ^3, X must he an inner— product space 
(Bay 7, Theorem 6,4^]). 

5.2 Generalized Inner-Product and Characterization of Inner- 
Product Spaces, 

Tapia Q46]] proved that X must he an inner-product 
space if the generalized inner-product <x,y> is either linear 
in X or symmetric. Laugwitz j”29 J gave a geometric proof 
of the same result. In the foUov/ing we provide another 
proof. 

Theorem 3 ,2.1 , Por a normed linear space X, the 
foU-owing are eq.uivalent : 

( i) X IS an inner-product space, 

(li) 1 jx] 1 = I jyl 1 => lim (j [nx+yj j - j lx+ny| j ) = 0 

21 oo 

(ill) <x,y> = <y>x> for all x,y G X, 

(iv) <x:, y> is linear in x for each y G X. 
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Proof. ( i) ==> (ii) is straight, 

(ii) ==> (ill). Let Ijxll = llyjl. Shen 

<x,y> = 1 |xl I (l|(x,y) 

II II 1 11-+ “yli 

= 11x11 Im -.™i- _ 

n CO ± 


- 1 jxl 


= lyl 1 lim 1 Inx+yl ] _ 1 Inyl 1 


ri -> oo 


= llyll lim (1 Inx+yl 1-1 Ix+nyl 1 + 1 Ix+nyl 1-1 Inyl i) 


XI -> CO 


= llyll lim (llny+xll - | Inyl 1 ) 

n -* oo 

= 1 lyl 1 i|(yjx) = <y,x>. 

1 1 25^1 1 5^ 1 |y| 1 > 11 1 1x1 j y| 1 = 1 1 1 ly| 1 xl 1 and the 

above argument yields 

<x,y> = 11x11 q.^(x,y) = qj(x,l 1x1 ly) 

= 1^(1 lyl lx, 1 1x1 ly) = q.|(l 1x1 ly, 1 lyl lx) 

= llyll ^+(yjx) = <y,x>. 

(ill) ==> ( iv) . ¥/e first prove that the Birkhoff-James 

orthogonality is symmetric. Let x J_j y. Then -x Xj ~y 
and X Xj -y. Therefore qX(-x,-y) > 0 and qX(^»“y) i 0* 


Thus 


qX(-y,x) = j-j^ <lX(x,-y) > 0 

^X(-y»--^) = jjfll ‘ii(-^»y) ^ 0. 
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Therefore _y J_j x, and hence y x. 

lTex:t we show that Birkhoff-James orthogonality is 
right unique (O 5^ x, x ij ax+y, x ij hx+y ==> a = b). 

If not, then there exist x,y e X, j |x| | = | [yj j = 1 
, and number 6 > 0 such that 

I 

j X Ij y and x J_j ax+y for all 0 < a < e (see James 

[]^20, Theorem 2.3 ^I)* Iha'c means 

, I jax+y+kxj [ > | [ax+y] ] for all k e R. 



Prom this and by using symmetry of Birkh off- James orthogonality 
we have 

I lyl j > 1 lax+yj 1 > 1 jy] [ . 

Thus 

(3.2.1) I lx| 1 = 1 jyj 1 = 1 = 1 jax+yj | for 0 < a < e. 

Then by (iii) and (3.2.1) 

(3.2.2) q|(ax+y,x) = q_]_(x,ax+y) = aj ] x] |+q_j_(x,y), 
and 

(3.2.3) q^(ax+y,x) = | q^(ax+y,ax+y-y) 

= I 1 I ax+y 1 1 + I q.j(ax+y,-y) 

= I 1 l^-x+yl 1 + I <l+(“y»ax+y) 

= I 1 lax+yj 1 - I llyjl + q;(-y,x) 

= q;(-y,x) = q.;(x,-y). 


Ik 


4 


K 

I 
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Equations (3,2.2) and (3,2.3) yield 

al l^l 1 + <lj(x,y) = q|(x,-y) for 0 < a < e, 

which IS impossible. Thus Birlihoff- James orthogonality is 
right unique proving that S is smooth (theorem 1.1.6). Ihus 
for each x, 

<x,y> = 1 1 q^(x,y) IS liuesr an y. 

Prom tnis using (iii) vre see that 

a <x^,y> + b <X2,y> = <y,ax^> + <y,bx2> 

= <y,ax2+hxg> = <ax^+b2:g,y> . 

Therefore <x,y> is linear in x for each y G X. 

(iv) ==> (i). 

Let Ijx'il = l|yll = 1* Then 

(3.2.4) l|x+yll q|(x+y,y) = 1 jx+y] lq|(x+y,x+y-x) f 

= i lx+y| i^+1 lx+y| 1 q_J_(x+y,-x) 

= 1 |x+yl 1^+1 |xl 1 q_[_(x,-x)+| jyj jq^(y,-x) 1 

= 1 jx+yj 1^-1 !xl 1^+1 lyllq;(y,-x). 

Also 

(3.2.5) 1 lx+y| lq;(x+y,y) = |lx}l q;(x,y) + l|y{l 4;(y,y) 

= llyll^ + 11^1 1 
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rrom (3.2.4) and (3,2.5), v/e have 

(3.2.6) 1 lx+y| f=\ [yl 1^+1 jxj j^+j jxj lq_J_(x,y)-j |yj l4_[,(y,-x) 

= 2+1 jxj I q.|(x,y) - Ijyjl (l|(y,-x) . 

Replacing y ly -y an (5.2.6), v^e geu 

(3.2.7) l|x-yll^= 2+1 jxj lq|(x,-y) -Ijylt l|(-y»-x) 

= 2+1 [xj! (i_J_(x,-y) + llyll q_|_(y,-x). 

Adding (3,2.6) and (3.2.7) yields 

1 Ix+yl 1^+1 Ix-yj 1^ = 4+ (q.^(x,y)-cL_|_(x,-y)) ____ 

> 4. 

Thus, if in the space X, (iv) holds, tlBn 

(s.’v) ||x|| = l|y|l = l==> + llx^yll^ >4, 

wha-ch IS a characterization of anner-product spaces due to 
Schoenberg css:. That completes the proof of the theorem. 

Remark 3.2.2 . The implication (li) of Theorem 3.2.1 
IS due to James (Il2o3, Tlaeorem 6.3). His proof was different. 

Remark 5.2.3. Me v/rite f(x) = g- | jxj j . Then 

= llxjl q.’(x,y). second right Gateaux derivative 

of f at X m the direction of y^ and yg is defined to be 

I |x+ty^l l4_J.(x+ty^,y2)--| jxj K^Cxjyg) 
f^Cxiy^yg) =^1J"q+ ~ 


Then 


f"(o;yi,y2) 


= lim . 

■fc -*• 0 


Ihyill -i; (~^yi>y2) 

t 


1 Uii h-jCy^jyg) 


Thus Tapia [^46^ observes that Z is an inner-product 
space if and only if the second right derivative of ^ j jxj 
IS linear or symmetric (or if f is twice Precnet differentiable 
at the origin). 

This might be seen in relation to inner— product 
characterizations by twice Prechet dif f erent lal ity of the norm 
away from the origin given by Sonic and Reis [[3]], Rao [[36]], 
Sundaresan ^42]]] and Leonard and Sundaresan [l3o21. 

T/e give below another characterization of inner-product 
spaces in terms of differentiability properties of the norm. 

Let us recall that if X is a smooth normed linear space, then 
the linear functional [ [xj j q.'(x,-) is denoted by J and the 

» ISC 

map X -♦ J is called the normalized duality map. It is 
characterized by the properties 

lljj| = |ldi 

Jx(x)= I lx| I®. 

Theorem 5.2,4. Por a normed linear space X, the 
following are eq.uivalent : 

(i) 2 


IS an inner— product space. 


Z IS smooth and J, 
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(ii) 

(ill) 

(iv) 


IS smooth and ~ x | 

Z IS smooth ond J i Z -* Z* is linear. 
Whenever x,y e X, # , i|) e Z* are such t^mt 


y» 


Ihll — ll’J'll - 'l>(3c) = ■<j>(y) = I jx| I = j jyj I = 1, ve have 

o 

((p+ip) (m+y) V I |x+yl j , vhere -u is one of the relations 
> , =,and < . 

Proof, ( i) ==> (ii) IS irmiediate. 


( ii) ==> (ill) follows from the fact that the 


normalised duality map J is odd i.e. J = _ j . 

-X x’ 


and an odd orthogona3JLy additive transformation must be linear 
(Sundaresan 43, Lemma S^), 

(ill) ==> (iv). Let x,y G Z and <|>, ^ G X* such tliat 

lUli = 11^1! = 1= 11x11 = llylt = 4>(x) = i|»(y). Since Z is 

smooth, (j, = = Jy« Therefore 

(<fr+4») (x+y) = (J^+Jy)(x+y) = (x+y) = j jx+yjj^ 

(iv) ==> (i)« Let 1 jxj 1 = 1 Izl 1 = 1 ^ support 

functionals at x and y respectively. By (iv) we have 

llx+yjl^ 'x. (<{'+'l») (x+y) = 2 + ^(y) + i)(x) 

and j |x-yl 'u (^~i{») (x~y) = 2 - <|>(y) - 4>(x). 

Thus we have for x, y G X, 

1 l^cl 1 = 1 lyj 1 = i==> I Ix+yl + 1 |x-y{ -v 4. 

That IS the criterion (S,''») for inner-product spaces 
by Schoenberg, That completes the proof of the theorem. 


Contmuous Orthogonality Vector Spaces 


In S- paper G-udder and Stra-y/tner C 153 took tlx basic 
propemes of Birklioff-James ortnogonality as axioms to defme 
aij. Orthogonality \recuor Space" as mentioned m the introductory 
cnspter oj. the Thesis. In the following we will modify this 
definition to introduce the concept of 'Continuous Or-chogcnality 
Vector Space' • It turns out to be an orthogonality vector 
space of a special kind. V/e then obte in a sort of converse 
to cheir result ^15, Theorem 3.1]] characterizing orthogonally 
increasing functionals on a normed linear space, 

A vector space X will be called a Gonrinuous Orthogonality 
Vector Space (GOVS, in short) if there is a relation x J_ y on X 
satisfying : 

(0^) X J_ 0, 0 j_ X for all x G X. 

(Og) if X j_ y and x 5 ^ 0, y 0, then x and y are linearly 

indep endent . 

(Og) if X J_ y, then ax by for all a,b G R. 

(0^) if P is a tv/ o- dimensional subspace of X, then for every 

0 ^ X G P, there exists a unique 0 y G P (upto scalar 
multiples) such that x J. y. 
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(Og) Whenever e P, 7^ & 'B, - y,and y^, 

then X Ly (convergence here is in the conventional 
topology of P ) . 

It IS easily seen that (0^) is equivalent to 

(0^)’ lor X 7 ^ 0, y G X, tnere exists a unKlue a such that 

xjfc ax + y. 

Iheorem let X he a GOYS. Define a real valued 

function <}> on X « X as follavs i 


( i) 4i(x, y) = 0 when x = 0? 

(li) <l>(x,y) = a v/hen x 0 where a is the unique number for 

which X J_ ax + y. 

Then 

<t> (x,y) = 0 <==> X 1 y. 


Proof. Easy and is omitted. 

Theorem 4.1.2 . The function <P of Theorem 4,1.1 has the 
following properties : 


( 1 ) 

(li) 


A- 

i 

% 'll 



<J>(ax,hy) = ~ <I»(x,y) for all x and y G X and for all 

nonzero a, b G H. 

4 >(x,ax+y) = -a + <{>(x,y) 

= a ij)(x,x) + <^(xjy) for nonzero x and y G X. 

Proof .cl^let <fr(x,y) = a, then x 1 ax + y and by (Og) 
ax J_ abx + by 


if/ 

I 


$ 


f 


I 
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which iinplies that 

^(az,hy) = a I = I <{.(x,y) provided a 5^ o and b ^ 0. 

(ii) For X 7^ 0 and y 7^ 0 , 

<J>(x,ax-h.by) = p <==> (p+a) x + y 

<==> <f>(x,y) = p + a 
<==> p = -a + (Ji(x,y) 

= a «|>(x,x) + ♦(x,y). 

Theorem 4«1.5 , Let x be a nonzero element of a 0073 Z 
and p,q > 0. There exists z 6 X such that x 1 z and 
X + pz J_ X - q.z. 

Proof, let y 7^ 0 such that x J_ y. Set 

g(v) = <fr(x+pwy, x-qyy) for 0 < v < “ 

= (frCx+pwy, x+ppy - (p+q.)uy) 

= -1 + (^(x+ppy, -(p+<l)yy) 

= _i _ + y>y) for p 7^ 0 

= _ fi±i ^(~ + y, y) for p 7^ 0. 

Thus 

lim g(p) = -1 + = ^ > 0. 

Obviously g(0) = -1. 

If possible, let g(p) ^ 0 for all 0 < u < “• Let 
li^ p and g(u^) ■* ± 


00, 
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By (0^)' for each n, there exists g(]i^) sucn that 

X + PWj^y i g(y^) (x+py^y) + x-quj 3 , y 

X - qy y 

Or X + PMjj y 1 x+puj^y + , byCOj). 

But then as n °=, (Og) gives 

X + pyy J_ X + pyy 

which IS a contradiction, therefore g is bounded. 

Agaj.n let y and g(y^ ) -* A while g(y ) -♦ B, 

By (Og)? have 

2C + pyy 1 A(x+pyy) + (x-qyy) 

and X + pyy i B(x+pyy) + (x-qyy). 

Therefore A. = B by (0^)’ which -implies that gCy^^) is 
a convergent sequence. 

Bet g(yj^) A. Then have 

X + pyy lA(x+pyy) + (x-qyy), whence 
A = 4»(x+pyy, x-qyy) = g(y). 

Thus g is continuous, g(0) = -1 and lim g(y) = ^ > Oj 

but g(y) 0 for all o < y < °°, which contradicts Intermediate 
Yalue Theorem. Thus 

g(y) = 0 for some 0 < u < “* 

S'. 
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But then 

X + ppy J_ x-quy for soae o < p < oo. 

Replacement of. yy hy z, gives the result. 

Rem ank 4 . 1 . 4 » Rrom Tiieorem 4,1,3 vre see that 

(Og) holds in a GOVS and therefore any continuous orthogonality 
vector space is an » Orthogonality Vector Space', 

Remark 4.1,5. (0^) to (0^) may not suffice to yield 

(Og) can be seen from the following example : 

Example 4,1,6. Let X be R^ with the orthogonality 
relation defined as follows : 

(1,X) 

and ( X,l) 1(1, X) for -1 < x < Ij 

( 1 , 1 ) 1 ( 1 , 0 ) 

(-1,1) 1 (1,0) 

and extend this relation to yield a hcmogeneous relation. 

An inner-product (•,•) on an orthogonality vector space 
(OVS) is said to be orthogonally equivalent if 

X 1 y <==> (x,y) = 0 

A norm | | •} ] on an orthogonality vector space (2,1) is 
said to be orthogonally equivalent if 


X 1 y <==> x Ij y. 
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It has been proved by Gudder and Stravrther that if 
there exists a nontrivial orthogonally additive hemi-cont inuous 
even functional on an OYS (X, J_), then there is an orthogonally 
equivalent inner product on (X, J_), In the same paper, they 
characterize orthogonally increasing functionals on a normed 
linear space nith the orthogonality relation of Birkhoff and 
James . 

let X be a normed linear space, A function 

f s X - R 

is radially increasing if a > 1 implies f(ax) > f(x) for all 
X G X and f is sp he r i cally in ere as ing if 

1 |xl 1 > 1 |yl I ==> f(x) > f(y) for all x,y G X. 

The Theorem of Gudder and Strawther characterizing 
orthogonally increasing functionals can be stated as foUov/s : 

Theorem 4,1.7, (Gudder and Strawther) let X be a 
normed linear space vfith dim X > 2 and f be an orthogonally 
increasing functional on X, Then f is spherically increasing 
and there exists a countable number of spheres S^,Sg,.., such 
that f IS norm continuous at if and only if « gf 
Furthermore there exists a nondecreasing function 

g : - R 

f( ca) = g( I j <o| j ) for a ^ TTS^. 


such that 
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In particular if f is an orthogoually increasing contlniou 
functional, then there exists a nondeoreasmg functional 

g : R'*' - S 

such that 

f(“) = g(l 1 wj i ). 

In v^rhat follows we show that m a way existence of 
orthogonally increasing functional on a GOVS forces the existence 
vf a norm on X such that the orthogonality is Birkhoff-James 
orthogonality arising out of that norm. More precisely 

^leorem 4,1.8 . let X he a continuous orthogonality 
’vector space (GOVS) and 

f : X R 

such that 

(i) f(xx) = jxj f(x) for X e Rj 

(ii) f IS orthogonally increasing. 

Then f is a norm on X. further 

(lii)if f IS Gateaux differentiable, then the norm 
f IS orthogonally equivalent on (X, 1). 

firstly we prove two lemmas : 

lemma 4.1.9. let X be a GOVS and 

f ; X - R 

an orthogonally increasing function with f(0) = 0. Ihen f is 
radially increasing* 
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Proof. let X > 1. Choose y e X such tnat x 1 y aud 
x+y 1 x-y. Such a y e X exists by fheorem 4,1,3. ITov; 

f(Xx) = f C (X-1) X + y) + (X-1) (x-y)3 

> f + (x-1) y3 

> f(x) for X > 1 , 

Thus f IS radially increasing. 

Lemma 4,1.10, Let X be a 00 VS and 

f ! X - R, 

a nontrivial orthogonally increasing functional v/ith 

f(Xx) = [xj f(x) for X e R. 

!Ihen f(x) >0 for x ^ 0. 

Proof, let X 0) e X such that f(x) > 0 and 
O) G X. Choose z ^ 0 in the span of x and y such that 

X J_ 2 and x+z x-z. 

Now 

f(2z) = f(x+z-x+z) > f(x+z) ^ f(x) > 0, 
which implies that 

f(z) > 0. 

I'et y = ax + bz 51 ^ 0- Then 

^^Cy) i f(ax) = 1 a| f(x) >0 if a o> 



9C 

and if a = 0, h ^ o, then 

f(y) = |b| f(2) > 0. 

Thai: completes the proof. 

Proof of the Theorem, By the m/o lemas, v;e have 

(i) f(x) > 0 for X ^ 0 

(ii) f(x) = 0 <==> X = 0 and 

(lii) f(Xx) =1x1 f(x) for all x G R. 

Nov/ it remains to provo the triangle inequality only, so That 
f may he a norm, 

2c,y e Z. If 

x+y 1 x-y, 

then 

f(2x) = f(x+y+x-y) > f(x+y) 

and f(2y) = f(y+x+y-x) > f(x+y). 

Bience f(x+y) < f(x) + f(y). 

If X + y x-y, let a he such that 

X + y J_ a(x+y) + (x-y) = (a+1) x + (a-l)y. 

Then 


f(2y) = f Q(a+l)(x+y) - (a+1) x - (a-l)y]3 

> f Qa+l)(x+y) 3 =l“+l| f(x+y) 
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aaid if a = 0, b 0, then 

f(y) = |b| f{z) > 0. 

That coinpletes the pioof. 

Proof of the Theorem. By the wo lemmas, vre have 

(i) f(x) > 0 for X 5^ 0 

(li) f(x) = 0 <==> X = 0 and 

(ill) f(Xx) = [xj f(x) for all X e R. 

Bow it remains to prove the triangle ineq.uality only, so rhat 
f may be a norm, 

bet x,y e X. If 

x+y 1 x-y, 

then 

f(2x) = f(x+y+x-y) > f(x+y) 

and f(2y) = f(y+x+y-x) > f(x+y). 

Hence f(x+y) < f(x) + f(y). 

If X + y x-y, let a be such that 

X + y ]_ a(x+y) + (x-y) = (a+1) x + (a-l)y. 

Then 

f(2y) =z f Q(a+l)(x+y) - (o+l) x - (a_l)y]] 

> f Qa+l)(x+y)3 = la+ll f(x+y) 
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and 

f( 2 x) = f(~ 2 x) = f [3 (a_l)x + ((x_l)y _ (otfl)x - (a-l)y3 
> f [r(^l)(x+y)J = |a-l] f(x+y). 

Hence 

2f(x+y) < (|a+l| + |a.i|) ^ 

or f(x+y) < f(x) + f(y). 

Thus f IS a norm on X. 

By (Og) X X y ==> X X Xy for all X e R 

==> f(x+Xy) > f( x) for all X e H. 

Thus the orthogonality is contamed in the Birkhoff-James 
orthogonality of the normed space (X,f), 

Suppose that the function f is no\/ Gateaux differentiable. 
^ ij y and X X y* There exists a 5^ 0 such that 

X X ax + y 

and then x Xj ax +y. 

But that means f is not G§.teaux differentiable, contradic- 
ting the hypothesis. Hence x Xj y — > x X y» 

That completes the proof. 


Cli^PIER y 


N-Orthogonality and Nonlinear Functionals 
Convex linear Topological Spaces 


on Locally 


Let IT be a nonlinear mapping of a ilausdorff locally 
convex linear topological space S into its dual x*. if ^ and 
y are elements of X, x is said to be N-orthogonal to y 
(x J_jj y, in short) whenever the value of Nx evaluated at v 

*/ 9 

denoted by (Nx,y) is zero. A real valued function on X is 
said to be N-orthogonally additive if 

f(x+y) = f(x) + f(y) whenever x 1 y, 

xi 

In this chapter we will first study this orthogonality 
ajcd give sufficient conditions on N m order that N-ort hogonality 
becomes nontrivial m the sense that each two-dimensional subspace 
of X contains a pair of nonzero N-orthogonal elements. We 
then consider the prohlem of concretely representing the class 
of orthogonally additive functionals on X» Sundaresan and 
Kapoor considered this problem talcing IT as a linear 

nis-pping, Sundaresan ^43^ discussed the representation of 
such functionals ?/ith Birlchoff-James orthogonality on X. Gudder 
9^d Strawther L_15^ deal with the same problem in the abstract 
setting of orthogonality vector spaces. At the end of the 
chapter it is shown that in a locally convex space X if an 
K-orthogcmality satisfies a kind of Pythagoreous property. 
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then S must he an inner-producx space, 

5,J. ll-Or t hog onal it y 

Let L : X -♦ X he a nonlinean mapping, x is called T- 
ort hog onal to y(x J_jj y) if (Lx,y) = 0. Let us recall that toe 
orthogonality is called left ( right ) homogeneous if 
X Ix^ y ==> y (x y ==> X ay) for all a e R. 

It IS called, symmetric if x y ==> y ]_^t x. The mapping II 
will he called symmetric if 

(IIx,y) = (x,Ny) for all x,y e X. 

It IS easily seen that a sjnumetric mapping is Imear, 

A nonlinear mapping H which gives rise to symmetric orthogonality 
IS given m Example 5,1.2. It is clear that is right 
homogeneous and right additive, hut in general it is not left 
homogeneous or left additive (see Examples 5,1.3 and 5,1,4 
helow). But if the orthogonality is symmetric then it is both 
left homogeneous and left additive. 

\f& will assume that 1I(0) = 0 so that 0 is H— orthogonal 
to every vector in X and every vector in X is orthogonal to 
zero, ¥/e shall further assume that the orthogonality is positive 
left homogeneous i.e, tx Ljj y whenever x y aJid t > 0. 

This happens to he a fairly strong condition on the mapping N, 
as seen m the following 

Th eorem 5,1.1. Let X he a locally convex linear 
topological space and H : X X*. Bet R he the set of 




94 


noimegatiw real numbers. Then H-orthogonality la posrtiye 
left homogeneous if and only if for some real yalued function 

f on :!'■ X X which is such that f(t,o) = 0 and 

f(t,x) = 0 <==> t = 0 foj: X ^ 0 , 

ll(tx) = f(t,x) n(x) holds. 

Further, if ll(x,x) > 0 for all x 5^ 0, then 

f(t,x) > 0 for all t e R'*’ and x e X, 

Proof, If K'(tx) = f(t,x) ITx, then 

(hx,y) = 0 ==> (N(tx),y) = 0 for t >0. Therefore the 
orthogonality is positive left homogeneous. On the other hand 
if X = 0, set f(t,0) = 0 and x 51^ 0 and t = 0, set f(0,x) = 0. 
If X 51^ 0 and t > 0, then 

(Fx,y) = 0 <=> (N(tx),y) = 0. 

The functionals Nx and N(tx) have the same null space. Hence 
N(tx) IS a nonzero scalar mult3p)le of Nx. Call this multiple 
f(t,x). Then 

N(tx) = f(t,x) Hx holds for all t G R"*" and x G X, 

Further let (]Tx,x) > 0 for all x 7^ 0. let t > 0, x ^ 0. Then 
tx 7^ 0 and 

0 < (H(tx),tx) = t f(t,x) (Hxjx) 

which nnplies 


f(t,x) > 0. 
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iet H be a TTnn>, + 

e a Hilbert space. Define 

H : H jj) follows : 

l'T(x) = j jxj j X. 

X IS H-orthogonal to y <==> ^ 

IS orthogonal to y in the Hilbert 

space and 

= I |xl j (x,y) 

where (x,y) is the inner-product of x and y. 

The H-orthogonality is symmetric but the mapping IT is 
not symmetric. 

SsaElen^ns. let H ! S® - rS iy 

= (x^ , 

It can easily be seen that If-orthogonality is left homogeneous 

hut not left additive. 

g 2 ^at ^_le 5.1.4 . Define N t 

H(x^,X 2) = (1x^1, xg). 

The H-orthogonality is positive left hanogeneous but not left 
homogeneous. 

5^ Existence of Orthogonal Elements 


It IS clear that if y^ - y and x y^, then x y. 
It would be nice if we also have j 

- X and x^ in y ==> X y. 
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For that we need a continuity condition on IT. 1 function 

S’ : X - 

will be called hemicont muous if for x,y and 2 m X, 

(l(x+ty),z) - (ITx, 2 ) as t 0 . 

We shall obtain a fev/ results on the existence of 
certain pairs of orthogonal elenents in each two-dimensional 
subspace of X, 

Theorem 5.2.1. Let IT : X -* X'* be a hem- continuous 
mapping and let (lTx,x) > 0 for x ^ 0* Let the IT-orthogonality 
be positive left homogeneous and let x,y be linearly independent 
elements of X, Then there exist numbers b and c such that 

^ J-N bx + y and cx + y Ijj x. 

Proof. For the first part take b= 
second part we have to show that there exists a number c such 
that 

(U(cx+y), x) = 0. 

If (lTy,x) = 0, take c = 0. If (Ny»x) < 0, define 

F(X) = (lI(Xx 4 -y),x), x> 0, so that 

F(0) = (Ny,x) < 0,and as N(tx) = f(t,x) lx 
where f is the function occurring in Thsorem 5.1.1 , 



therefore 


p(t) = f(t, I ^ 

Since (Nx,x) > 0 for x 0, ^7e have 
f(t,x + |) > 0. 

Suppose -t(t) < 0 for all t > 0. By heni-contmuity of IT 

(n(x + |),x) - (Nx,ic) < 0 as t - 00, 
v/hich contradicts the hypothesis. Hence 
l'(t) >0 for some t > 0. 

By continuity of P on R, there exists c > 0 such that 
P(c) = 0. Then cx + y x. 

■On the ntherhand if (Ry,x) > 0, we get 
G(t) = (l'T(y-tx),x) for t > 0. 

Ve then have G(o) > 0 and G(t) = f(t,-x + |)(R(-x + |), x). 
Suppose G'(t) ^0 for a.11 t. Then we have 

(R (-X - 1 - |), x) > 0. 

Tailing the limit as t we get 

(H-x, x) > 0. 

But (lT-x,x) < 0, because (ll(-x), -x) > 0. This G(t) < 0 
for some t > 0. By continuity of G we have G(d) = 0 for sane 
d. Set 0 = -d and then 

C3t + y X 

which completes the proof* 
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A condition of the type (Vx.x) > 


0 IS needed fon the 


existence of ll-ortnogonal paire is seen frcn tne folla-in, 
Simple example s 

Example 5.2.2. T,Pt r . . ^2 , 

— — ~ -UKL, . . K ^ defined by 

iTCx^jXg) = (x^,x|). Sake x= (1,1) and y = ('1.2'). S’-^er^ 


c^jXg) _ (x;j_,X 2 ). Sake x= (1,1) and y = (1,2). Shen 
(IT(ex+y),x) = (o+l)^ + (<>, 8)2 ^ q for all c e ?.. 

let H : X - X*. Ihe mapping :i is callea a monotone 


mapp mg if 


(Ex-Ny, x-y) > o for all x and y e X. 


Let H : Z -* z* be a hemL-cont inuous 
and monotone mapping and suppose that the ll-orthogonality is 
symmetric, let x and y be nonzero elements of Z such that 

2 : ijj y. Let a be a positive number. Shen there exists a 
number b > 0 such that 

ax - by x+bay. 

Proof. let t be a positive number. Shen x+tay ji o 
and (N(^), x + tay) ^ o. Sherefore by Sheorem 5.2.1, there 
exists s e H such that 


(N(x+.ty+s |), (x+tay)) = 0 

(E(ax-dy), x+tay) = 0, 
where d = -(at+s). 

Lhus for each t > o there is a d G R such that 


(N(ax-dy), x + tay) = 0 



’.Ye then have 


i = (H(x+tay), ax) / {r(x+tay),y) 

= (H(ay + |),ax) /(;ir(ay + |),y^. 

Xiis-Cex OX'S as "b Oj d. epd. 

as t-*ooj (1— 

Hence d(t) = t for some t > o. Thus there exists a nonber fc 
such that 

(H(ax-by), x+ bay) = o. 

In particular \fhen a = 1, we have the result that for 
some be R 

X - by X + by. 

L'5. Representation of Orthogonally Additi^-ze Functionals 

In tnis section we consider the problem of representing 
orthogonally additive functionsl on X. V/e shall again assume 
that n IS hem 1- continuous and (N(x),x) > o for x 0 and 1J(0) = 0. 

The oreii h 5.5 . 1, let IT : X -*■ X* be a hernia continuous 
mapping with the property (lTx,x) > 0 for x 5/ 0, and let the 
H— orthogonality be homogeneous and nonsymme tr ic . Let f be a conti^ 
nuous il- orthogonally additive functional on X. Then f is linear, 

Broof. Let x and y be tv/o elements of X such that 
iu y and y x. Choose a e R such that y ay+x. Then 
for all t and s in R 

(t+s) y + |S = sy + (|) (ay + x) 


loo 


t 

I 


I 


i 


\ 

f 

i 

/ 

1'^ 




I 




I 

fl 


I ^ 


and 

f(~) + l((s+t)y) = f(sy) + f(ty) + f(|S) 
and therefore 


i((s+t)y) = f(sy) + f(ty) for all t and s. 

ine continuicy of f mplioo that f is homogeneous m 
the direction of y. Choose a o such that 

3-x + y i]\j X (use Theorem 5.2.1). 

Since X ax+y, proceeding as above we prove homogeneity of 
f in the direction of x. 

I'Tow let = s^x + t^y and Zg = SgX + tgy be m the 
span of X and y. Then vie have 


fCz^+Zg) = f((s^+S2)x) + f((t^+t2)y) 

= f(sj^x) + f(52x) + f(t^y) + f(tgy) 

= f(s^x + t^y) + f(s 2 X + tgy) 

= f(z^) + f(Zg) 


and f(tz^) = f(ts^x+tt^y) = f(ts^x) + f(tt^y) 

= ^(fCs^x) + f(t^y)) = t f(z^). 

How let z be a vector which is not in the span of x and 
y. ¥e can assume that x J_ 2 j z and y z, otherwise we choose 
numbers s and t such that x Ljj sx + ty+z and y sx+ty+z 

sot 3 = a.d t = 

(I'lXjxT (Hy,y) 


•J 
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and uork with sx + ty + z for 2 m the following. 

li z Xh X or z y, tnen as before ue haire f is homogeneoas 

in the direction of z. If z J - nnn r. ! or. ^ 

j-|- ana z X-jj y, in addition to 

X z and y z, then there is a nuriber b cnca that 

(N(by+z),x) 5/0. If not, then 

(l'T(y + |), x) = 0 for all b > 0. lahing tlie limit 
as b 00 we obtain 


(hy,x) = 0, 
which IS false* Set 


c = _ (N(by+z),z) / (N(by+z), x) . Ihen 
by + z cx + z and therefore 

f((t+s)z) + f(sby+tcx) = f(sby + sz+tcx+tz) 

= f(sby + Bz) + f(tcx+tz) 

= f(sby) + f(sz) + f( tcx)+f ( tz) , 

Hence once more 

f((s+t)z) = f(sz) + f(tz). 

Ocmbining the abowe results we have 

f(ax+by+cz) = a f(x) + b f(y) + c f(z) for all 

a, b and c in 2. and all z 6 X. 

Ihus f IS linear on the span of x,y and z. If there is an 
element w in X which is not in the span of x,y and z, then 
proceeding as above, we can prove that f is linear in the span 


l02 


ox x,y,2 andw . Therefore f is linear on the span of z and 

for arbitrary linearly mdependent vectors z and w . Hence f 
IS linear. 

Iteprem_5^3^ Let r : x - x* be a henieont niaoua 
monotone mapping. Let IWthogonality be sjmnetrio. Inen an 
odd oontmuous functional is r_orthogonally additive if and 
only if it is Imear. 

Proof. It IS easy to verify the ’ if* part, let f be 
an H— orthogonally additive functional. Ve first prove that 
f IS homogeneous, let y 5^ 0 be such that 

(]lx,y) = 0 

and choose b by Theorem 5.2.3 sucn that 

x - by X + by. 

Then 

f(2x) = f(x-by+x+by) = f(x-by) + f(x+by) 

= f(x) - f(by) + f(by) + f(x) = 2f(x). 

Assume that for m < n, 


f(mx) =mf(x) for all x. 
Choose b by Theorem 5 . 2.3 again so that 
nx + by Ijj X - n by. 


Then 


f((n+l)x) - f((n-l)by) = f((nx+by) + (x-nby)) 

= f(nx+by) + f{ x-nby) 

= f(nx)+f(by)+f(x)-f(nby) . 
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Hence 


f((n+l).^) » (n-1) f(by) _ n f(x) + f(by) + f(x) _ nf(by), 
that IS 

f((n+l)x) = (n+1) 

Therefore by induction, for all n and all x, v;e have 
f(nx) = nr(x); 
and then v/e can prove that 


f(x/n) = ~ f(x) for all natural numbers n. 
The function f is odd and continuous. Hence 

f(tx) = t f(x) for all t. 

How we shov/ that 


f(x+y) = f(x) + f(y) for all x and y in X. 

When (Hx,y) = 0, we have nothing to prove. Let (lTx,y) ^ o. 

Suppose X ax + y. Then 

^'(^c+y) = f(x+(ax+y) - ax) = f((l_a)x + (ax+y)) 

= f((l-a)x) + f(ax+y) = (l_a) f(x) + f(ax+y) 

= f(x) + f(-ax) + f(ax+y) 

= f(x) + f(y). 

Thus f IS linear. 

Remark 5,5.4. It can easily be seen that under the 


hypothesis of the Theorem 5.3,3, X is an orthogonality vector 


space m the sense of Gadder and Strawther [^lo^ and rherefcre 
the iheorem, 5»3.3 also follov/s from (lenna 2.1j ). 

In earlier papers (Sundaresan Sondaresan and 

Kapoor f Gadder and Strai/tiier Q 15^} it has been proved 

that 

( i) In an inner— prodact space an even contmaoas orrhoj^onally 
additive fonctional f mast be of rhe form 

f(x) = cj |x| 1^ for some c e H. 

(ii) In locally convex space X an even contmaoas T-orthosonally 
additive functional f mast be of the form 

f(x) = c(Ix,x) 

where the I- orthogonality arises from a linear transformation 
I of E into E*, and is S3nimietric, 

Clearly sach a resalt can be carried over to the 
present sitaation only if the form 

F(x) = (Kx,x) IS itself N-orthogonally additive 

i.e, if 

(*) (K(x+y), x+y) = (ITxjx) + (iTy,y) whenever (Nx,y) = 0. 

We shall say that K-orthogonality satisfies Pythagoras 
property whenever K satisfies (*). 

The followmg Guest ion then arises naturally i 
Does there exist a nonlinear monotone mapping H : X - X for 
which the N-orthog Quality is symmetric and satisfies the 
Pythagoras property? 
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Do answer this question v^e hr ing in the concept of 
semi-mner-product spaces introduced hy Luner and 

continuous serai-inner-product spaces 07 Giles • 

These have been defined m Gucpter I of rhis Inesis. 

Theore m 5 , 5 . 5 . If is a locally con-^/ex space and 1 * 
is the dual of 1 and h ; X - is a mappma satisfying the 
folloviing properties : 


(1) (Nx,x) > 0 and (llx,x) = 0 <==> x = 0, 





(li) H xs hemn-continuous, 

(ill) N-orthogonality satisfies the Pythagorus property, 

(iv) Il(tx) = t H(x) for X e X and t e S, 

then X IS an inner-product space in the sense that the il- 
orbhogonality is an inner product orthogonality, and IT is a 
linear transformation. 

proof. Defme verified 

that Cx.y;] IS a semi-iimer-produet on X; that it is a 
oontinuous semn-umer product having the homogeneity property 
follows from ocnditions (ll) (iv) respectively. Bi fact 

1 [I^>yll Cy>y3 

caxL be se^ii follows s 

If (Ix,y) = 0, we have nothing to prove. If 

(Nx,y) ^ 0, choose h such that x ijj ^ + y. 
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The Pythagoras property yields 

(I'y^y) = (l'T(te+y-hx), tx+y-Px) 

= (h(hx+y), bx+y) + (:i(>bx, -bx)) 

2 

= t (l'X,x) + (II (bx+y), bx+y) 

> (lTx,x) = (i:x,y)V(I’x,x) 

be cause 

P = -(lTx,y)/(l'Ix,x). Tliereiore 

(I^ysy) (ITxjx) > (lTx,y)^, i.e. 

I C^»yII 1 < [ly^yH* 

By Theorem 1.1.16, the IT-orthogonality is the Birfchoff- 
J ernes orthogonality m the norm 

QxjX^Vs ^ (nx,x)^/^ 

on X. 

By (ill) Birichoff-James orthogonality implies Pythagorean 
orthogonality. But then by Theorem 2.1,4, the norm (Nx, x)^'^^ 
must be an mner-pr oduct norm and H-orthogonality is an inner- 
proauct orthogonality, it also follows that II is linear. 

That completes the proof. 

Finally we have 

Theorem 5.5.6. If N r X - X* satisfies the condition 
of Theorem 5,3.5 and if P is ll-orthogonally additive functional 
on X, then there exists a linear functional f G Z* and a 
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number c such that 

P(m) = f(x) + c(Px,x) for all X e X. 

Proof. By [Theorem 5.3.5. IT is linear and the rest: 
follov,s from Sundaresaai and Kapoor( C 44 :] , Ihaoren 6). 

The follow mg example shows that (i:x,x) > 0 for 
X ^ 0 IS essential m the above results. 

Exam ple 5.5. 7. Define F : ^ 

ITCx^jXg) = ((x^+Xg)^, (x^+Xg)^). 
If X = (x^,Xg) and y = (y^,yg), then 

lT(x,x) = (xj_+xg)^ 

and 

(Ux,y) = (Ji+yg) H(y,x) = (xj+Xg)(y^+yg)3 

Clearly IT— orthogonality is syTnmetric for 

(]lx,y) = 0 <==> 72+72 = 0 or (x 2 +Xg) = 0 <==> (N 7 ,x) = 0 
iet X Ijjj y, then we have 

(N(x+y),x+y) = (x 2 +Xg+y 2 +yg)^ 

= (X 2 +Xg)^ = (Kx,x) + (lly,y) if y2+72 = 0 

= (72+72)^ = (l^x,x) + (117,7) if 3 C 2 +Xg = 0. 

Therefore N-orthogonality satisfies tie P7thagorus 
property. But the functional P s - 


R defined by 
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2 


IS even ll-orthogonally additive yet 
c(Hx,x) and the functional 


IS not 01 the forri 


g(x) = (x^+Xg)^ 

IS odd H-orthogonally additive functional, yet it is not 
linear . 
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